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The goal of this lecture is to study a family of random trees closely related to stable
spectrally positive Lévy processes. Trees appear in many different areas such as computer
science (where trees appear in the analysis of random algorithms for instance connected
with data allocation), combinatorics (trees are combinatorial objects by essence), mathemat-
ical genetics (as phylogenetic trees), in statistical physics (for instance in connection with
random maps as we will see below) and in probability theory (where trees describe the
genealogical structure of branching processes, fragmentation processes, etc.).

In Section 1, we define Bienaymé—-Galton-Watson trees and explain how they are coded
by random walks. In particular, for a particular family of trees, these random walks are
closely related to stable spectrally positive Lévy processes. In Section 2, we will use stable
spectrally positive Lévy processes to obtain a result concerning Bienaymé-Galton—-Watson
trees. In Section 3, we will use Bienaymé-Galton—Watson trees to obtain a result concerning
stable spectrally positive Lévy processes.

1 Bienaymé-Galton—-Watson trees and their coding by ran-
dom walks

1.1 Trees

In this lectures, by tree, we will always mean plane tree (sometimes also called rooted
ordered trees). To define this notion, we follow Neveu’s formalism. Let U be the set of
labels defined by

u=[Jmm,
n=0

where, by convention, (IN*)? = {§}}. In other words, an element of U is a (possible empty)
sequence u = up ---uj of positive integers. When u = u;---ujand v = vy ---vy are
elements of U, we let uv = u; - - - ujvy - - - v be the concatenation of u and v. In particular,
up = Qu = u. Finally, a plane tree is a finite subset of U satisfying the following three
conditions:
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i 0er,
(ii) if v € Tand v = yj for a certain j € IN*, then u € T,
(iii) for every u € T, there exists an integer k() > 0 such that for every j € N*, uj € tif

and only if 1 <j < ky (7).

11 21

0

Figure 1: An example of a tree T, where Tt =1{0,1,11,2,21,3}.

In the sequel, by tree we will always mean finite plane tree. We will often view the
elements of T as the individuals of a population whose T is the genealogical tree and () is
the ancestor (the root). In particular, for u € T, we say that k(1) is the number of children
of u, and write k,, when T is implicit. The size of T, denoted by |1/, is the number of vertices
of 7. We denote by A the set of all trees and by A,, the set of all trees of size n. Finally, for
j =1, a forest of j trees is an elements of A,

1.2 Bienaymé-Galton—-Watson trees

We now define a probability measure on A which describes, roughly speaking, the law
of a random tree which describes the genealogical tree of a population where individuals
have a random number of children, independently, distributed according to a probability
measure |, called the offspring distribution. Such models were considered by Bienaymé [3]
and Galton & Watson [11], who were interested in estimating the probability of extinction
of noble names.

We will always make the following assumptions on p:

(i) p=(u(i): 1> 0)is a probability distribution on {0, 1,2, ...},
(i) 2 yoku(k) <1,
(iii) w(0) + u(1) < 1.

Theorem 1.1. Set, for every T € A,

Pu(t) = [ ] nlk): 1)

ueT

Then P, defines a probability distribution on A.
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Before proving this result, let us mention that in principle we should define the o-field
used for A. Here, since A is countable, we simply take the set of all subsets of A as the
o-field, and we will never mention again measurability issues (one should however be
careful when working with infinite trees).

Proof of Theorem 1.1. Setc = ) _.p IPu(7). Our goal is to show that ¢ = 1.
Step 1. We decompose the set of trees according to the number of children of the root

and write
c=) ) Pum=) ) ukPyln) =) mulke
k>0 teA ky=k k>0 11 €A, ... T €A k>0
Step 2. Set, for 0 < s = 2 o k(k )sk —s. Then f(0) = u(0) > 0, f(1) = 0,

(1) = (2isoin(i)) —1< O and f” > 0 on [0, 1]. Therefore, the only solution of f(s) =0 on
0,1]iss =1.

Step 3. We check that ¢ < 1 by constructing a random variable whose “law” is IP,,. To
this ender, consider a collection (K : u € U) of i.i.d. random variables with same law u
(defined on the same probability space). Then set

T={u; - un € U:u; < Kyyupeoy , forevery 1 <i<nj.

(Intuitively, K, represents the number of children of u € U if u is indeed in the tree. Then T
is a random plane tree, but possible infinite. But for a fixed tree T € T, we have

P(T=1) =P (Xy=ky(t) foreveryu € 1) = H wiky) =Py (7).

ueT
Therefore
c=) Py(t)=) P(T P(TeA) <1
TEA TEA
By the first two steps, we conclude that c = 1 and this completes the proof. O

Remark 1.2. When } ;- iu(i) > 1, let us mention that it is possible to define a probability
measure P, on the set of all plane (not necessarily finite) trees in such a way that the
formula (1) holds for finite trees. However, since we are only interested in finite trees, we
will not enter such considerations.

In the sequel, by Bienaymé-Galton-Watson tree with offspring distribution p (or simply
BGW,, tree), we mean a random tree (that is a random variable defined on some probability
space taking values in A) whose distribution is IP,,. We will alternatively speak of BGW
tree when the offspring distribution is implicit.

The most important tool in the study of BGW trees is their coding by random walks,
which are usually well understood. The idea of coding BGW trees by functions goes back
to Harris [5], and was popularized by Le Gall & Le Jan [10] et Bennies & Kersting [1]. We
start by explaining the coding of deterministic trees. We refer to [9] for further applications.
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1.3 Coding trees

To code a tree, we first define an order on its vertices. To this end, we use the lexicographic
order < on the set U of labels, for which v < w if there exists z € U withv = z(ay, ..., an),
w = Z(bl,. . .,bm) and a; < bi.

If t € A, letug,uy,..., uy_ be the vertices of T ordered in lexicographic order, an recall
that k,, is the number of children of a vertex u.

Definition 1.3. The Lukasiewicz path W(t) = (Wn(71),0 < n < [1]) of T is defined by
Wo(t) =0and, for0 < n < |t —1:

Wn+1 (T) = Wn(T) + kun(T) -1

Figure 2: A tree (with its vertices numbered according to the lexicographic order)
and its associated tukasiewicz path.

See Fig. 2 for an example. Before proving that the Lukasiewicz path codes bijectively
trees, we need to introduce some notation. For n > 1, set

gill):{(xl,...,xn)6{—1,0,1,...}: X1+ +xn=-—1

etx;+- - +x; > —1foreveryl <j<n-—1}

(k ")

Ifx=(x1,...,xn) € gn) andy = (y1,...,Ym) € Sﬂj , we write Xy = (X1,...,%Xn,Y1,---,Ym)

for the concatenation of x and y. In particular, xy € Sﬂﬂj L Ifx e g(k), we may write

X =X1Xp - - - X} With x; € 3(1) for every 1 < i < kin a unique way.
Proposition 1.4. For every n > 1, the mapping ®, defined by
T — (kg ,—1:1<i<n)

is a bijection.



For T € A, set ®(1) = @ (7). Proposition 1.4 shows that the Lukasiewicz indeed

bijectively codes trees (because the increments of the Lukasiewicz path of T are the elements
of @ (7)) and that W (1) = —1.

Proof. Fix T € A,. We first check that @,,(7) € SE} ). For every 1 <j < n, we have

)

(Kuy s — Zkul = ()
1

i=

Note that the sum 21:1 ky;_, counts the number of children of ug, uy,..., uj_1. If j <n,
the vertices uy, ..., are children of ug, uy, ..., uj_1, so that the quantity (2) is positive. If
j =m, thesum ) i, ky, , counts vertices who have a parent, that is everyone except the
root, so that this sum is n — 1. Therefore, ®,,(T) € SS ).

We next show that ®,, is bijective by strong induction on n. For n = 1, there is
nothing to do. Fix n > 2 and assume that ®; is a bijection fore very j € {1,2,...,n—1}
Take x = (a,x1,...,%Xn—1) € Sf). We have @, (1) = x if and only if ky(t) = a+ 1, and
(X1,...,%n—1) must be the concatenation of the images by @ of the subtrees T4, ..., Tq+1

. sla+1
attached on the children of (). But (x1,%q1,...,Xn_1) € SEF_JE ), SO (X1,...,Xn_1) = X1 - Xat1

. . <) . .
can be written as a concatenation of elements of 8" in a unique way. Hence

On(t) =x <= O (1) =xiforeveryie{l,2,...,a+1}

a+1
— t={0}u U 1®|T|

where we have used the induction hypothesis (since |t;| < |t]). This completes the proof. [

Extension to forests. Recall that a forest of k trees is a sequence of k trees. Proposition 1.4
is easily extended to forests by defining ®(7y, ..., T¢) as the concatenation @ (1) - - - O(7y).
This yields a bijection between the set of all forests with k trees and n vertices (with k < n)

(k)

and 8, ', where

gg]:z{(xl,...,xn)e{—l,O,l,...}: X1+ +xn=—k
and xq +---+%; > —kforevery 1 <j <n-—1}.

Similarly, the Lukasiewicz path of a forest is defined as the concatenation of the jumps of
the Lukasiewicz paths of the trees of the forest.

1.4 Coding BGW trees by random walks

We will now identify the law of the Lukasiewicz path of a BGW tree. Consider the random
walk (Wp)n>0 on Z such that Wy = 0 with jump distribution given by P (W) =k) =
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u(k +1) for every k > —1. In other words, for n > 1, we may write
Wn:X1+"'+an

where the random variables (X;)i>1 are independent and identically distributed with
P (X; =k) = u(k+1) for every k > —1. This random walk will play a crucial role in the
sequel. Finally, for j > 1, set

G =infn >1: Wy = —j},
which is the first passage time of the random walk at —j (which could be a priori be infinite
n.

Proposition 1.5. Let T be a random BGW , tree. Then the random vectors (of random length)
(WO((I)/ WI(T)//WVT\(T)) and (WO/W]./"'/WC‘l)

have the same distribution.
In particular, |T| and C; have the same distribution.

Proof. Fixn > 1 and integers xq,...,xn > —1. Set

A = P(Wi(T) =x1, Wa(T) = W1(T) =x2,..., Wn(T) =Wy 1(T) = xa),
B = P(W)=x;,Wo—Wj=x,... Wp—=W;_1 =xn).
We shall show that A = B.
First of all, if (xq,...,xn) & 31(11), then A = B = 0. Now, if (xq1,...,xn) € 32), by

Proposition 1.4 there exists a tree T whose Lukasiewicz path is (0,x1, %1 +xp,...). Then, by

(1),
A=P([T=1=]]nk=]]nx+1),

et

B = PW =x,Wo—Wj=xp,... Wpn—W,_| =%,(1 =n)
= PW)=x,Wo—Wj =xp,..., W —W;_1 =Xp)

= H w(xi+1).
i=1

For the second equality, we have used the equality of events {W; = x;, Wo — W, =
X2, Wn = W1 = xn, @ = n} = (W) = x;, W = W) = xp,..., Wn = W1 = xa},
which comes from the fact that (xq,...,xn) € SE} ). Hence A = B, and this completes the
proof. O



Extension to forests. The previous result is immediately adapted to forests:

Corollary 1.6. For every n > 1, the Lukasiewicz path of a forest of n i.i.d BGW |, trees has the
same distribution as (Wo, W1, ..., W¢_ ).

Remark 1.7. If p is an offspring distribution with mean m, we have E [W;] = m — 1.
Indeed,
EWil=) iui+1)=) (i-1Du{i)=m-1.
i>-1 i>0
In particular, (Wh)n>0 is a centered random walk if and only if m = 1 (that is if the offspring
distribution is critical).

1.5 A special family of offspring distributions

The connection with Lévy processes arises when considering a special family of offspring
distributions. Let us first recall some properties concerning domains of attraction.

Let (Xi)i>1 beii.d. real-valued random variables. Assume that there exists a sequence
of positive real numbers a, — oo, a sequence of real numbers (b,) and a non-degenerate
random variable U such that the convergence

XitoodXn 0@

an n—oo

holds in distribution, then U is an « stable random variable for a certain value « € (0, 2].
We say that (the law of) X; is in the domain of attraction of a stable law of index o.

In the sequel, we will fix « € (1,2) and we will consider offspring distributions p which
satisfy:

(i) 2_izoin(i) = 1 (nis critical),
(ii) pisin the domain of attraction of a stable law of index «.

It is known that (ii) is equivalent to the fact that p([n, c0)) = % for a slowly varying
function L (that is for every fixed x > 0, L(ux)/L(u) — 1 as u — 00). A typical example to
keep in mind is the case where p(n) ~ nl—cﬂx for a certain constant ¢ > 0.

Recalling the random walk (Wy),>0 which was previously defined, W is centered
and also is in the domain of attraction of a stable law of index «. Therefore, there exists a

sequence an — oo such that

% ﬂ) y((x)’ (3)

an n—oo

where Y(* is an a-stable spectrally positive random variable normalized so that E [e*)‘Y(“)} =

e for every A > 0. The fact that Y(*) is spectrally positive (meaning that its Lévy measure
vanishes on IR_) follows from the fact that the negative jumps of W; are bounded.
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Let us mention that if pu([n, c0)) = %, the sequence a, is chosen such that

nlL(an) 1
e nose T1—w)

1/

so that an is equal to n"/* multiplied by another slowly varying function. Finally, we

mention that the Lévy measure IT of Y% is

M(dr) = 1,~odr.

2 Maximum out-degree of Bienaymé-Galton—-Watson trees

In this section, we fix 1 < « < 2 and consider a critical offspring distribution p which
belongs to the domain of attraction of a stable law of index «. For a tree T € A, we let
M(T1) = maxyer ky(T) be the maximum number of children (or the maximum out-degree)
of a vertex in 7.

The goal of this Section is to establish the following result, due to Bertoin [2], and we
present the proof given in [2].

Theorem 2.1 (Bertoin). Let T be a BGW,, tree. Then

PMT)>x) ~ P

X—00 X !
where 3 > 0 only depends on « and is the unique positive solution of the equation

fe'e) N Bn B
Z(—l) e 0.

The fact that this equation has a unique solution follows for instance from the fact that
f(x) = Z?:O(_l)nmf—:qm is continuous on R, increasing with f(0) < 0 and f(1) > 1.
The first idea it to reduce the problem to a forest of BGW,, trees.

Lemma 2.2. For n > 1, denote by M., the maximum out-degree in a forest of n i.i.d. BGW, trees.
Assume that

n—oo
Then 8
P (Ml > X) ~ —
X—00 X
Proof. We first check that
P(My>n) ~ P @
n—oo n



when n — oo along integer valuers. By independence, P (M;, <n) = (1—-P (M; >n))™
Hence, by assumption,

nin(l1—-1P (M7 >n)) ~ —B.

n—oo

Since P (M1 >n) - 0asn — oo, we haveIn(1—IP (M1 >n)) ~—P (My >n)asn — oo,
and we readily get (4).
To finish the proof, we use a monotonicity argument by writing, for x > 0,

PM;y>kxl+1)>P(M;>x)>P (M > [x]),

where [x] denotes the integer part of x. By (4),

PMy >0+ ~ P o Ppspy - BB
x—oo [x]+1 x—00 x x—oo  [X] x—o0 X
This shows that 8
P (Ml > X) ~ —
X—00 X
and completes the proof. O

2.1 Link with Lévy processes

A first step towards the proof of Theorem 2.1 is a connection with Lévy processes. To this
end, as in Section 1.4, we introduce the random walk (Wy ) >0 such that Wy = 0 and with
jump distribution P (W) =1) = p(i+1) fori > —1. As seen was seen in Section 1.5, there
exists a sequence a,, — oo such that

Wn  (d)
—  —

an n—00

where Y(* is an a-stable spectrally positive random variable normalized so that E [e’)‘Y(‘X)} =
el for every A > 0.

We will need a functional extension of this result (known as Donsker’s invariance
principle in the case of brownian motion). Before, let us recall several facts concerning the
Skorokhod topology. Denote by ID(IR,,R) the space of all real-valued cadlag functions
defined on R, equipped with the Skorokhod J; metric so that D(IR;, R) is a Polish metric
space (meaning that it is complete and separable). Recall (see e.g. [6, Theorem 1.14 in
Chapter VI]) that if f,,, f € D(IR4,R) the convergence f,, — f in ID(IR4, R) holds if and only

if there exist time changes A, such that:
— An(0) =0, A, is strictly increasing and continuous, An(c0) = oo,

- sup|An(t)—t] — O,

>0 n—o0



— for every integer N > 1, sup [fn(An(t)) — f(t)] — 0.

t<N n—o00

W,
( s 0) 9oy
an n—00

holds in distribution in D(IR{, R) as n — oo (see Theorem 16.14 in [7]). Alternatively, there
exists a sequence a, — oo such that the convergence

W~
(ﬂ:m) @y 5)
n

n —00

Then the convergence

holds in distribution in D(IR,R) as n — oo.
We now introduce some notation. Let (Y;)¢>0 be an a-stable spectrally positive Lévy
process with Yy = 0 normalised so that E [e’”l} = e for every A > 0. For s, t > 0 we set

AYS = YS - YS_I Aj: - Sl,lp AYS,

s<t

with the convention AYy = 0 and Aj = 0. Finally, set
T =inf{t > 0:Y; < —1}.
We are now ready to state and prove the connection with Lévy processes.

Proposition 2.3. Then the convergence

M d
_-n Q A;
n n—oo

holds in distribution.

Proof. Since AY,;, = 0 almost surely, by continuity properties of the J; metric (see [6,
Proposition 2.12 in Chapter VI]), the convergence (8) implies the convergence in distribution
of the cadlag functions stopped at the first time they hit —1. In other words,

W~

n an —00

where we recall that (,, =inf{lk > 0: W), = —n}.

By Corollary 1.6, (W, ..., W, ) has the same distribution as the Lukasiewicz path of a
forest of ni.i.d. BGW/, trees. But by construction of the Lukasiewicz path, the maximum
outdegree of the forest, is the maximum jump of its Lukasiewicz path plus one. Therefore,
% has the same distribution as the maximum jump of <% 0<tL %) . The
desired result follows by the continuity of the largest jump of cadlag functions for the J;
metric on compact time sets (see [6, Proposition 2.4 in Chapter VI]). O

The goal is now to show that IP (A% < x) = e~ for every x > 0.
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2.2 A fluctuation identity for spectrally positive Lévy processes

Here we calculate the Laplace transform of hitting times for general spectrally positive
Lévy processes, a result which will be needed in the calculation of IP (Ai1 < x).

Let (Yi, t > 0) be a Lévy process with Lévy measure TT. It is known (see e.g. [8, Theorem
3.6]) that for every A € R,

vt >0, E [e?\ﬂ] <oo = J eM TT(dx) < oo
[x|>1

Now assume that Y is spectrally positive, thatis [T =0 on R_ and that IT # 0 on R. As

a consequence, E [e’)‘vt} < oo for every t,A > 0, and we may define the Laplace exponent
Y by
E [e—x\?t} — oY)
for A,t > 0. In particular,
E [e—?\\?t—t‘lf()\)} _1 7)
The Laplace exponent ¥ is continuous on IRy, is strictly convex and satisfies ¥(0) = 0,
Y(c0) = ccand ¥/(0) = —E [\71} (see [8, Exercise 3.5]).
Finally, for every q > 0 set
O(q) =sup{A = 0:¥Y(A)=q}
and for every x > 0 set
fxzinf{t>0:\~(t<—x}.
Note that for q > 0, the equation ¥(A) = q has only solution, except when q = 0 and
E [V1:| > 0.
Theorem 2.4. For every q > 0,
E [e7 9™ 1 <] = e x®la),
In particular, P (Tx < oo) = 1 ifand only if E [\71} <0.

Proof. We follow the proof of [8, Theorem 3.12]. Denote by J; the P-completed o-field
generated by G(\?s, s < t).

We start with the case q > 0. For t > 0, using the fact that \?fx = —x on the event
(%, < oo} since Y is spectrally positive, write

E [e_q)(q)\?t_qt ‘ gjfx] _ e—d)(q)\N(t—thLKFfx +E [e_m(q)(?t—?’ix"'?’ix)_q(t—’fx—F’fx)1]_t>ix |5tfxi|
= e ®@Vimaty, . 4 x0(a)-aTg [e—d)(q)(\?t—\?w—q(f—’fx)]1t>fx ‘%x}

= e ®l@Vimaty . 4Pty o

~

— o P(@)Yenr, gt/
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where we have combined the strong Markov property with (7) for the penultimate equality.
Taking expectations and using (7) again, we get that:

E e*q)(q)\?mfx*qt/\fx —1.

Then take t — oo, and since e @@V —a\Tx < x@(d) we get the desired result by
dominated convergence.

The case q = 0 is settled by taking q | 0 in the identity which has just been established.

O

2.3 End of the proof
Theorem 2.1 will readily follow from Lemma 2.2 and Proposition 2.3 once the following
result is established.

Proposition 2.5. For every x > 0, we have
P (A,*Cl < x) = —.

Proof. Denote by TT(dr) = ﬁﬂ‘r>0dr the Lévy measure of Y (we will not need the explicit
value of the constant c).

The idea is to consider the process Y obtained by suppressing jumps greater than or
equal to x by writing

Yy = (Yt -y A31A5>x> +) Adpx.

s<t s<t
NS

Y. Z:
By the Lévy-Itd decomposition, the processes Y and Z are independent and Z is a compound

poisson process.
We start with calculating the Laplace exponent ¥ of Y. First note that for A > 0,

E [e_wl} = exp (A%) = exp (JOOO (e_)‘u -1+ 7\u> ﬂ(du))

e 2] —exp ([ (e 1) miau ).

X

Since E [e™1] = E [e_vl e_zl} =E [e_vl} E [e~%1] by independence, we get that

and

(0.¢]

Y(A) = J;o (e_)‘u—1+7\u> T(du) — J (e_m—1> TM(du)

* u

x 1

_ —A

= CJO (e u—1+7\u> u1+o( du—c)\L mdu
x 1 cA

_ —A

= CJO (e u—l—l—?\u) ul_’_o( du—m
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Now, to finish the proof, introduce
% :inf{t>0:?t<—1}, J =inflt > 0: AY; > x} = inf{t > 0: AZy > x}
and note that there is the equality of events
{AL, <x}={u <]}

But 7, is a measurable function of Y and | is a measurable function of Z, so t; and | are
independent. In addition, | is distributed according to an exponential random variable of
parameter

T([x, c0)) = Joo T(du) = @

Therefore
P(AL <x)=P(f <])=E [e—ﬁﬂ .

Since E [\71} < E[Yq] =0, by Theorem 2.4,
E [efﬁfl} — e P

where p(x) is the positive solution of

X 1 cp(x) c
(xJu _ _ —
CJO (e pxu 1+p(x)u> EE du CEECE s

The change of variable u = xv in the integral gives

1
_ 1 xp(x) 1
xplxv _ SR
Jo <e 1 +xp(x)v> e du 1= o

Setting 3 = xp(x), we see that 3 satisfies the question

p

r (e*ﬁv 1+[3v> LI _1
0 ulte a—1 o

Expanding e P” then readily gives the desired result. O

3 An identity for stable spectrally positive Lévy processes
3.1 The cyclic lemma
For1l <k < n, set

S™ — fixy, . %) €{=1,0,1, .. )X £ xn = —K),
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and
gﬁk) ={(x1,...,xn) € S%k) :X1+--+x > —kpourtoutl <j<n—1}L
In the following, we identify an element of Z/nZ with its unique representative in
{0,1,...,n—1} Forx = (x1,...,%Xn) € sfik) and i € Z/nZ, we set

X[l) = (Xi-i—l/ cee /Xi—f—n)/

where the addition of indices is considered modulo n.. We say that x' is obtained from x
by a cyclic permutation. Note that 84 is stable by cyclic permutations.

Definition 3.1. For x € Sg{), set
Iy = {i e Z/mZ :xY e gﬁk)} .

See Fig. 3 for an example.

2
1 1
0 (e
_1121'345§789101112 B 123{1?67891'01112
2 . . . )
-3 ® -3
—4 o . 4

Figure 3: For x = (x1,X2,...), we represent x1 + ---+ X; as a function of i. On
the left, we take x = (1,—1,—1,—1,—1,2,—1,—1,—1,0,2,—1) € S\3), where I, =
{4,5,9}. On the right, we take x15), which is indeed an element of §g).

Note that if x € S;k) and i € Z/nZ, then Card(Iy) = Card(L)).

Theorem 3.2. (Cyclic Lemma) For every x € 8%, we have Card(Ix) = k.

Therefore, if x € Un>k8£1k), the set Iy depends on x, but its cardinal does not depend on

x!

Proof. We start with an intermediate result: we check that Card(Iy) does not change if one
concatenates
(a,—1,...,—1)
%,—/
a times

to the left of x, for an integer a > 1. To this end, fix x = (xq,...,xn) € S&k) and set

x=(a,—1,...,—1,%x1,...,Xn)-
—_———

a times

14



First, it is clear that 0 € I; if and only if 0 € Is. Then, if 0 < j < n—1, we have

<(+a+1
xU ):(xjH,...,xn,a,—l,...,—l,xl,...,xj).

It readily follows that j € Iy if and only if j + a+1 € I;. Next, we check thatif 0 <i < a+1,
theni ¢ I;. Indeed, if 0 <i < a+1, then

;(J(I) — (_1/ . -/_1/X1/X2/- - Xn, Q, _1/' : ’_1)
M

a—i+1 times

(1)

The sum of the elements of x' ' up to element x, is

X1+ +xp—(a—i+1)=-k—(a—i+1) <k

Hence x* §Z I;. This shows our intermediate result.
Let us now establish the Cyclic Lemma by strong induction on n. For n = k, there is
nothing to do, as the only element of S%k) isx = (—1,—1,...,—1). Then consider an integer

n > k such that the Cyclic Lemma holds for elements of S§k) withj =k,...,n—1. Take

X=(X1,...,Xn) € Sy(lk). Since Card(Ix) does not change under cyclic permutations of x and
since there exists i € {1,2,...,n}such that x; > 0 (because n > k), without loss of generality
we may assume that x; > 0. Denoteby 1 =1; < i; < --- < i, the indices i such that x; > 0
and set i1 = n+ 1 by convention. Then

—k = le -y (x4 = (i1 — 1)
j=1
since i1 —ij — 1 count the number of consecutive —1 that immediately follows x;,. Since
this sum is negative, there exists j € {1,2, ..., m} such that Xy < ij41 — 1 — 1. Thefore Xy is
immediately followed by at least x;; consective times —1. Then let x be the vector obtained
from x by supressing Xi; immediately followed by xi; times —1, so that Card(I;) = Card(Iy)
by the intermediate result. Hence Card(Ix) = k by induction hypothesis. O

Remark 3.3. Fix x = (xq,...,%xn) € S(k) Setm = min{x1 +--+x :1 <1< n},and
G(x)=min{j >1:x1+-- +x)—m+1—1}for1 < k. Then

I ={C(x),..., G(x)}

Indeed, this follows from the fact that this property is invariant under insertion of (a, -1, ..., —1)

for an integer a > 1 (where —1 is written a times).

3.2 Applications to random walks

In this section, we fix a random walk (W;, = X; + - -+ + X )n>0 on Z such that Wy = 0,
PW;>-1)=1and P (W; =0) <1. Weset, fork > 1

Ck :inf{i> OZWi :—k}.

15



Definition 3.4. A function F : Z™ — IR is said to be invariant under cyclic permutations if
VxeZ", VieZ/mZ Fx)=FxY).

Let us give several example of functions invariant by cyclic permutations. If x =
(x1,...,%n), one may take F(x) = max(xq,...,xn), F(x) = min(xq,...,xn), F(X) =x1X2 - - - Xn,
F(x) =x1 + - - - + xp, or more generally F(x) = xi‘ + - —l—x,}{ avecA>0.IfA C Z,

n
FX) =) Tyea
i=1

which counts the number of elements in A, is also invariant under cyclic permutations.
If F is invariant under cyclic permutations and g : R — R is a function, then g o F is also
invariant under cyclic permutations. Finally, F(x1,x2,x3) = (xp — x1)% + (x5 — %)% + (x1 —
x3)? is invariant under cyclic permutations but not invariant under all permutations.

Proposition 3.5. Let F : Z™ — R be a function invariant under cyclic permutations. Then for
every integers k < n the following assertions hold.

(i) E[F(X1,..., Xa)Lgy=n] = SEF(X1, ..., Xn) Lw, =i,
(ii) P (Cx =) = XIP (Wn = —k).
The assertion (ii) is known as Kemperman'’s formula.

Proof. The second assertion follows from the first one simply by taking F = 1. For (i), to
simplify notation, set X, = (X1,..., Xy). Note that the following equalities of events hold

(W, = —k) = {xn e s;k)} and {G =n}= {xn e Sﬂ‘)} .

In particular,

E [F(X1,, Xa) L] = E [FX)1, |-

Then write

1 — ) .
E [F(Xn)ﬂ 7(4 = = Z]E [F(X&))l ) 7(@] (since xEP and X, have the same law)

Xn€sy, Xn €8,

1 n
= = Z E [F(Xn) 1 (i)Eg(k):| (invariance of F by cyclic permutations)

Xn
i=1
1 n
- T_L]E F(Xn)ﬂxnesgd (Z ﬂx,&”es(k)ﬂ
i=1 "
k
= “E[FXy, X)L ),

16



where the last equality is a consequence of the equality of the random variables

Iy st (Zﬂ (0 (k)) :kﬂxnesgk)

by the Cyclic Lemma. We conclude that

k
E [F(Xn)L, | = ZEF(Xy, . Xn) lwmid,
which is the desired result. O]

We now present two applications of this result.

Proposition 3.6. Assume that E [W1] < 0. Then, for every k > 1,

2 1 1
Y P (Wp=-k)=-.
:n k

Proof. We first check that IP ((, < co) =1 for every n > 1. By the strong Markov property,
it is enough to show that IP (¢; < o0) = 1.

To this end, define the offspring distribution uby p(i) =P (W7 =1—1) fori > 0 and let
7 be a BGW,, random tree. By Corollary 1.6, forn > 1, we have P ((; =n) =P (|7 =n).
Since IE [W1] <0, we have } ;- 4in(i) <1, so that by Theorem 1.1 we have

1=) P(ITl=n)=) P(G=n)=P({ <),

n>1 n>1

Next, by Proposition 3.5 (ii),

(e.¢] k (o.¢]
> PWy = P( =P ((x < 00) =1,
n=1 n=1
and this completes the proof. O

Proposition 3.6 gives the following interesting deterministic identity:
Corollary 3.7. Forevery 0 <A <1,

(An)n—l e—?\n
n

=1.

n-l1
Proof. In Proposition 3.6, we take k = 1 and Wj = Poisson(A) — 1. In particular, W;, +n
is distributed according to a Poisson random variable of parameter An. Therefore, by
Proposition 3.6,

(0.¢] (o.¢]
1 1 (An)nletn
1:ZT—L]P(WTL— Z “P(Wy+n=n—1) ZH'—(n—n! ,
n=1 n=1
and the desired result immediately follows. O
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Proposition 3.8 (Chen, Curien & Maillard [4]). Assume that E [Wq] < 0. Let f: Z — Ry bea
function. Then, for every k > 2,

E 1 CkfX- = [f(X k
=PRI x|

Proof. Since k > 2, we have (i > 2. Now, for n > 2, we have by Proposition 3.5 (i):

Zf(ximck—n] =
i=1

i1
= Kk E[f(X{)Ilw,—
E [E [f(X ﬂwn:—k | X4]]
[ (X1E [Lw,— | X1]]
= KE[f(X1)P (W1 = —k—Xq/Xq)].

n

E|)_f(X)lw,—

E

Therefore
1 & 1 [
E L1 > X)) = ) —E > f(Xi)lle_n]
L= n>2 =1
1
= E [kf(X1) ) —P (Wnq=—k=Xi)
n>2
k
= E |f(X
[ s Xl]
where we have used Proposition 3.6 for the last equality. This completes the proof. O

3.3 Application to stable spectrally positive Lévy processes

We will now pass the identity of Proposition 3.8 through the scaling limit to obtain an
identity concerning stable spectrally positive Lévy processes.

As in Section 2.1, we let (Y{)i>0 be an x-stable spectrally positive Lévy process with
Yo = 0 normalised so that IE [e™™1] = e*” for every A > 0. For s > 0 we set AY; = Y — Y,
wih the convention AYj = 0. Finally, set

=inf{t >0:Y < —1}.

Recall that the Lévy measure of Y is

IT(dr) =




Proposition 3.9 (Chen, Curien & Maillard [4]). For every measurable function f : R, — R
with £(0) = 0, we have

Z f(As) | = JOO 1‘1"1{ TT(dx).

S<T1 0

Proof. By linearity and standard approximation techniques, it is enough to establish the
identity with f of the form f(x) = 1x>q with fixed a > 0.
Choose (W = X1+ ---+ Xy) suchthat Wy =0,P (W; > —1) =1, E[W; =0] and
c

P (W; >n)

with ¢ = % Then, as in Section 2.1, the convergence

Wia
( “‘ﬂ:t>o) Wy ®)

holds in distribution in ID(IR4,R) as n — oo. In addition, by (6), we have

Wi e
( o<t < C“) W vio<t <)

n n% n—oo

Therefore

CHZ ( ) — Tll f(As). )

nx S<T

We now check that the expectations converge as well. First, by Proposition 3.8,

Cn
g 2 )] =l () sl
e n n/n+X;

Recall that [x] denotes the integer part of x. To estimate the right-hand side, using the

explicit expression of f, write

Xq n noc+1
n*E |f = P(X;=k
[(R)mx] - Zrmeuin
00 noc-l—l
= J[ ds P (X [s])rw—[s]
00 a+1
- J duP (X; = [u ])“_[
14 ol

Thefore, by dominated convergence,

X1\ k © c 0 f(y)
x E— e [ — _
ik {f(n> k+X1] n—00 Ja 1+u u”“du JO 1+uﬂ(du).
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An extension of Proposition 3.8 and similar arguments show that

L& xa )
1

E (cnl Zf(?))
n%«  i=1

is bounded (and actually converges) as n — oo (we leave the details to the reader). There-

fore, by uniform integrability, the convergence (9) also holds in expectation, and the desired
result follows. O
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