Consider the SDE with Lévy noise, i.e. the process of
the following type

X(t) =x+ [sV(X(s)ds+Z(t) t>0,xeR, (1)
where the function V : R — R is smooth enough and
(Z(t)r>0 is a Lévy process. It is uniquely deter-
mined by a characteristic triplet (a,b,l1) and satis-
fies the It6-Lévy representation: Zj(t) = at +vbW(t) +
Jo Jiy<1u9(ds,du) + fg fiy-1 U v(ds,du),t > 0, where v is
a Poisson point measure with an intensity measure All
and A is the Lebesgue measure.

)

In climatology the SDE's of the type (1) are used to de-
scribe climate dynamics of the oceanic flow [Ditlevsen,
Geophys. Res. Lett. 1999].
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In such models function V is considered as the gradient
of an “energy potential” U : R — R with two local min-
ima such that V = —U’ which correspond to two climate
equilibrium states.

For a given Lévy measure I and given r > 0 we want

a decomposition of I into two o-finite measures

MH" and N7 of the form M =M™ + N7 such that the
total mass of M™" is r and there exists &(r) > 0 for which
supgMH") = {u: |u| < g(r)} and supdn™) = {u: |u| >
e(r)}

For Lévy measures IM3,M> and r > 0 define the probabil-
ity measure 1 = %I‘ITvr and the quantities

T(M1,M2) := SURor YW (16, 15,),1 > 0.
We shall call T a coupling distance on the set of Lévy
measures. Here s, is a coupling-type Wasserstein-
Kantorovich-Rubinstein metric of order 2, with the met-
ric pon R defined by p(x,y) = [x—y| A1, X,y € R. Below,
for W, ; we will use a metric  on the space of cadlag
paths D(0, 1), defined by {(x,y) = SUpc[ 3 P(X(t), (1))
Proposition The function T is a metric on the set of
Lévy measures.

)

Question : how to verify the hypothesis that the avail-
able data follow a model described by the SDE (1)?
Solution : estimate a distance between two solutions
to the SDE (1) with different noises in terms of a dis-
tance between the characteristic triplets and use it for
“goodness-of-fit” test for the model, [Gairing, Hogele, K,
Kulik, Springer INAAM Volume, 2016]

Question : how to measure a distance between the
characteristic triplets, i.e. between Lévy measures?

Consider two Lévy processes (Zj(t))t>0, j = 1,2 and the
solutions to the SDE'’s X;(t), ] = 1,2 of type (1) and the
function V : R — R is one-sided Lipschitz, i.e. (V(x)—
V(y)(x—Yy) <L(x—y)?, xyecRforsomelL >0.

Theorem Let (aj,bj,M;) be two characteristic triplets
and x; € R given initial values, j = 1,2. Then, for any
two solutions X; to SDE's of the type (1) the following
holds

WZ?Z(LaW(Xl),LaW(XZ)) < 2(pP(xe, %) + Q)2 6L 1+ Qy,
where Q = |a1 — &| + (Vb1 — vBp)? + 4T?(My, M)
+2(Ma(Ju > 1) +Ma(|u| > 1))¥2T (M4, M2),

Q1 = 3v/(vb1 — vb2)2+T2(My1,My).

Coupling distances between Lévy measures and applica-
tions to noise sensitivity of SDE, J. Gairing, M. Hdogele,
T. Kosenkova, A. Kulik, Stoch. Dyn., 15(2) 2015.




