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A Markov process X = (Xt : t ≥ 0) on Rd is called self-similar with index
α > 0 if for every c > 0,

((cXc−αt : t ≥ 0),Px ) d= (X ,Pcx ).

Examples:
I Brownian motion is self-similar with α = 2,
I Stable process are self-similar,
I Bessel processes are self-similar (but not Lévy!)

Set up:
I Self-similar process ((X ,Px ) : x ∈ Rd\{0}),
I Killed after the first time τ0 := inf{t ≥ 0 : Xt = 0} it hits the origin

Question
Does the limit limx→0(X ,Px ) exist?
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Skew decomposition and MAPs
A Markov process (((ξt ,Θt) : t ≥ 0),Pr ,θ) on R× Sd−1 is called a Markov
additive process(MAP) if

given Θt , (((ξt+s − ξt ,Θt+s) : s ≥ 0),Pr ,θ) d= ((ξ,Θ),P0,Θt ).
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Theorem (Alili, Chaumont, Graczyk, Zak (2016))
Suppose that (X ,Px ) is a ssMp killed when it hits the origin,
then there exists a MAP ((ξ,Θ),Pr ,θ) such that

(X ,Px ) = ((Θϕ(‖x‖−αt)e
ξϕ(‖x‖−αt) : t ≥ 0),Plog ‖x‖,arg(x))

where
ϕ(t) := inf

{
s > 0 :

∫ s

0
eαξu du > t

}
.

Conversely, for any MAP (ξ,Θ), the above transformation
gives a ssMp.

eξϕ(t)

Θϕ(t)

Xt



There are two separate problems
(i) Does there exist a process (X ,P0) started from the origin with the

same transition rates as (X ,P)?
(ii) Is it true that limx→0(X ,Px ) = (X ,P0)?

Example: R2, move up unit speed in the positive half, move down unit
speed negative half.

Has two entrance laws
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Assumptions:
There exists a measure π such that

E0,π[H+
1 ] <∞. (H)

ξ is non-lattice. (NL)

P0,θ(ξt ∈ dz ; Θt ∈ dϑ)π(dθ) = P0,ϑ(ξt ∈ dz ; Θt ∈ dθ)π(dϑ) (WR)

(π is necessarily invariant for Θ).



Theorem (Chaumont, Kyprianou, Rivero, Ş.)
Suppose that assumptions (H), (NL), (WR) hold, then there
exists a process (X ,P0) such that X0 = 0 and X has the
same transition rates as (X ,Px ).
Moreover explicit construction.
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Define a new measure P̂↓y ,θ under which ξ is conditioned to remain below
0:

dP̂↓y ,θ
dP̂y ,θ

∣∣∣
Ft

=
Û+

Θt
(ξt)

Û+
θ (y)

1{T +
0 >t}

where ((ξ,Θ), P̂) = ((−ξ,Θ),P),

Û+
θ (y) = Ê0,θ

[∫ ∞
0

1{H+
t ≤y} dt

]
and

T +
0 := inf{t ≥ 0 : ξt ≥ 0}.
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−1
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1
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Duality: (Y ,Q) is dual with (Z ,Q′) with respect to µ if∫
µ(dx)g(x)Qx [f (Yt)] =

∫
µ(dx)f (x)Q′x [g(Zt)]

µ

µ

Y

Z



We want to time-changed duality.
Time-changed MAP:
(ξϕ,Θϕ) started from (y , θ) by setting

(ξϕt ,Θ
ϕ
t ) = (ξϕ(e−αy t),Θϕ(e−αy t)) t < ζ̄

where
ζ̄ = ζ̄(y) = eαy

∫ ∞
0

exp{ξu} du

is the total life time of the process.

Killed and time-changed MAP: (ξ†,ϕ,Θ†,ϕ) the process of (ξϕ,Θϕ)
killed after time Tϕ,+

0 := inf{t ≥ 0 : ξϕt > 0}.



Using assumption (WR) show that.

Lemma
((ξ†,ϕ,Θ†,ϕ),P) and ((ξϕ,Θϕ), P̂↓) are in duality with respect to the
measure

ν(dy , dθ) = e−αy Û+
θ (y)dyπ(dθ)1{y≤0}.

Nagasawa (1964), Chung and Walsh (2005)
Suppose that η satisfies∫ ∫

ν(dx , dθ)f (x , θ) =
∫ ∫

η(dx ,dθ)Ê↓x ,θ

[∫ ζ̄

0
f (ξϕt ,Θ

ϕ
t )dt

]

and ζ̄ <∞, P̂↓-almost surely.
Then (((ξϕ(ζ̄−t)−,Θ

ϕ

(ζ̄−t)−) : t ≤ ζ), P̂↓η) has the same transition rates as
((ξ†,ϕ,Θ†,ϕ),P).



Use the remaining assumptions (H) and (NL) to show that P̂↓ almost
surely

I ζ̄ <∞
I ξϕ

ζ̄− = −∞

1

−1

ζ



What is η?
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What is η?
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What is η?

1

−1

1

−1

η

η should be asymptotic undershoot of the MAP:

η(dx ,dθ) = lim
y↓−∞

Py ,π
(
ξT +

0 −
∈ dx ; ΘT +

0 −
∈ dθ

)



η(dy ,dθ) = 1{y≤0}π(dθ)

T+
0



η(dy , dθ) = 1{y≤0}π(dθ)dyÛ+
θ (−y)

T+
0

Û+
θ (−y)dy



η(dy , dθ) = 1{y≤0}π(dθ)dyÛ+
θ (−y)Π̄θ(y)

where
Π̄θ(y) = lim

δ→0
P0,δ(ξδ ≤ y).

T+
0

Û+
θ (−y)dy

Π̄θ(y)



η(dy , dθ) = 1{y≤0}π(dθ)dyÛ+
θ (−y)Π̄θ(y) + aθπ(dθ)δ0(dy)

where
Π̄θ(y) = lim

δ→0
P0,δ(ξδ ≤ y).

T+
0



Convergence to entrance law

A point x ∈ Rd\{0} is called accessible, if for every y ∈ Rd\{0} and every
open neighbourhood U ⊂ Rd\{0} containing x , there exists a t ≥ 0 such
that

Py (Xt ∈ U) > 0.

Assumption:

{(X ,Px ) : x ∈ Rd\{0}} is a Feller family with an accessible point. (A)

(A) =⇒ unique invariant measure for Θ
(H)+(NL)+(WR)+(A) =⇒ a unique entrance law (X ,P0).
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Theorem (Chaumont, Kyprianou, Rivero, Ş.)
Suppose assumptions (H), (NL), (WR) and (A) hold, then
in the sense of Skorokhod convergence,

lim
x→0

(X ,Px ) = (X ,P0).



Thank you!


