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Stochastic heat equation

Let & C R
0X 0% X
E(t,r)— 5.2 (t,7) forallre 0, te[0,T].



Stochastic heat equation

Llet © CR and f: R — R:

0X 0°X ON
W(t,r) =5 (t,7) + f(X(t,r))E(t,fr) forallre o, tel0,T).

noise in t and r



Stochastic heat equation

Llet © CR and f: R — R:

0X 0°X ON
W(t,r) =5 (t,7) + f(X(t,r))E(t,fr) forallre o, tel0,T).

noise in t and r

Search solution X := (X (¢,-): t € [0,T)]) in L*(0):

dX dN
E(t’ )= AX(t,-) + f(X(¢, '))ﬁ(t’ ) for all t € [0,T],

——
noise in L*(0)

where A : dom(A) C L(0) — L2(0) with Af = 44



Stochastic heat equation

Llet © CR and f: R — R:

0X 0°X ON
E(tﬁ) = 92 (t,7) + f(X(t,T))E(t,'r) forallr € &, t e [0,T].

noise in t and r

Search solution X := (X (¢,-): t € [0,T)]) in L*(0):

dX dN
E(t’ )= AX(t,-) + f(X(¢, '))ﬁ(t’ ) for all t € [0,T],

——
noise in L*(0)

where A : dom(A) C L*(0) — L*(0) with Af = %' As integral equation:

X(t,-):X(O,')—|—/tAX(S,')dS—F/tf(X(S,-))N(dS,-) for all t € [0, T].

stochastic integral



Cylindrical processes



Cylindrical processes

Let U be a Banach space with dual space U* and dual pairing (-, )
and let (€2, @7, P) denote a probability space.

Definition: A cylindrical random variable X in U is a mapping
X :U* — L%(Q:R) linear and continuous.

A cylindrical process in U is a family (X(t) : t > 0) of cylindrical

random variables.

e |. E. Segal, 1954
e |I. M. Gel'fand 1956: Generalized Functions

e L. Schwartz 1969: seminaire rouge, radonifying operators



Example: induced cylindrical random variable

Example: Let X : 2 — U be a (classical) random variable. Then
Z:U* = L% R), Za:= (X, a)

defines a cylindrical random variable.



Example: induced cylindrical random variable

Example: Let X : 2 — U be a (classical) random variable. Then
Z:U* = L% R), Za:= (X, a)
defines a cylindrical random variable.

But: not for every cylindrical random variable Z : U* — L%(Q; R) there
exists a classical random variable X : 2 — U satisfying

Za=(X,a) for all a € U™,



Example: cylindrical Wiener process

Definition:
A cylindrical process (W (t) : t > 0) is called a cylindrical Wiener
process, if for all a1,...,a, € U* and n € N the stochastic process :

((W(t)al, W (Bay) : > o)

is a centralised Wiener process in R".



Cylindrical Lévy processes



Definition: cylindrical Lévy process

Definition: (Applebaum, Riedle (2010))
A cylindrical process (L(t) : t > 0) is called a cylindrical Lévy process,
if for all a1,...,a, € U" and n € N the stochastic process :

((L(t)al, L L(ay): > o)

is a Lévy process in R".



No semimartingale decomposition in U

If a € U* then (L(t)a: t > 0) is a Lévy process in R:

Lt)a = tp(a) + W)+ | BNL(t.dB) + / BN, (t.dB)

1B8]<1 1B1>1

where p(a) € R, W, is Wiener in R and N is Poisson process.



No semimartingale decomposition in U

If a € U then (L(t)a: t > 0) is a Lévy process in R:

Lit)a = tp(a) + W)+ | BNt dB) + / BN, (t.dB)

1B8]<1 |B1>1

where p(a) € R, W, is Wiener in R and N is Poisson process.

But no decomposition
e in cylindrical processes, as a +— 1o 1)(||a||) is not linear;

e in U, as L is not U-valued.



Examples of
cylindrical Levy processes



Example: series approach

Theorem Let U be a Hilbert space with ONB (ex)ren and (or)ren C R;

(hk)ren be a sequence of independent, real-valued Lévy processes.

1) (weak convergence) If for all @ € U and ¢ > 0 the sum

O
E ek, a)orhi(t

k=1

WV
=

converges P-a.s. then it defines a cylindrical Lévy process (L(t) : ¢

2) (strong convergence) If for all t > 0 the sum

0

L(t) = Z €l O'khk;(t)

k=1

WV
=

converges P-a.s. then it defines an genuine Lévy process (L(t) : t



Example: series approach

Theorem Let U be a Hilbert space with ONB (ex)ren and (or)ren C R;

(hk)ren be a sequence of independent, real-valued Lévy processes.
1) (weak convergence) If for all a € U and ¢t > 0 the sum
= (er, a)orh(t
k=1
converges P-a.s. then it defines a cylindrical Lévy process (L(t) : t > 0).

Example 0: for hj standard, real-valued Brownian motion:

(0k)ken € £7° <= cylindrical (Wiener) Lévy process

(0k)ken € 07 <= honest (Wiener) Lévy process



Example: series approach

Theorem Let U be a Hilbert space with ONB (ex)ren and (or)ren C R;

(hk)ren be a sequence of independent, real-valued Lévy processes.
1) (weak convergence) If for all @ € U and ¢ > 0 the sum
= (er, a)orh(t
k=1
converges P-a.s. then it defines a cylindrical Lévy process (L(t) : t > 0).

Example 1: for hj; Poisson process with intensity 1:

(0k)keN € (* <= cylindrical Lévy process

(0k)keN € ¢! <= honest Lévy process



Example: series approach

Theorem Let U be a Hilbert space with ONB (ex)ren and (or)ren C R;

(hk)ren be a sequence of independent, real-valued Lévy processes.
1) (weak convergence) If for all @ € U and ¢ > 0 the sum
= (er, a)orh(t
k=1
converges P-a.s. then it defines a cylindrical Lévy process (L(t) : t > 0).

Example 2: for h; symmetric, standardised, a-stable:

(0k)keN € ¢R20)/2=2) . cylindrical Lévy process

(0k)ken € LY <= honest Lévy process



Example: subordination

Theorem
Let W be a cylindrical Wiener process in a Banach space U,
¢ be a real-valued Lévy subordinator, independent of .

Then, for each t > 0,
L(t):U" — L%(Q; R), L(t)u™ =W (£(t))u"

defines a cylindrical Lévy process (L(t): t > 0) in U.



Stochastic integration



Stochastic integration w.r.t

cylindrical martingales

o M. Métivier, J. Pellaumail, 1980
e G. Kallianpur, J. Xiong, 1996

e R. Mikulevicius, B.L. Rozovskii, 1998.



Stochastic integration: classical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — XQ(U, V)

Then /0 U(s)dY(s) = (Y(b) - Y(a))

defines on J#) = { space of simple stochastic processes} the operator

I: 7 — LY (V).



Stochastic integration: classical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — XQ(U, V)

Then /0 U(s)dY(s) = (Y(b) - Y(a))

defines on J#) = { space of simple stochastic processes} the operator
I: 7 — LY (V).
Semimartingale decomposition: Y (t) = M (t) + A(t) results in
I =1+ 14,

where I, : 5% — LH(Q; V)
Ia: Sy — Lp(V)



Stochastic integration: classical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — O%Q(U, V)

Then /0 U(s)dY (s) = B(Y (D) - Y(a)

defines on J#) = { space of simple stochastic processes} the operator
I: 6 — L%(Q; V).
Semimartingale decomposition: Y (t) = M (t) + A(t) results in
I =1+ 14,

where Iy : 54 — Lp(; V) extending by martingale properties
Ia: 56 — LY%(Q: V) extending by bounded variation



Stochastic integration: cylindrical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — XQ(U, V)

Then { /O U(s) dY (), v) = (@ (Y (D) — ¥(a)), v}



Stochastic integration: cylindrical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — XQ(U, V)

Then </O U(s)dY (s), (Y (b) —Y(a)),v)
(

=
= (Y(b) = Y(a),®"v)
= (L) - L(a)) (@)

) —
if (L(t):t>0)isa cylindrical Lévy process in U.



Stochastic integration: cylindrical case

Assume: Y classical Lévy process in a Hilbert space U
\IJ(S) = ](a,b](s) QP for &:0 — O%Q(U, V)

Then </O U(s)dY (s), (Y (b) —Y(a)),v)
(

=
= (Y(b) = Y(a), ®"v)
= (L) - L(a)) (@)

) —
if (L(t):t>0)isa cylindrical Lévy process in U.

Two problems:
e does there exists a random variable J : {2 — V such that:

(J.v) = (L(b) — L(a))(®*v) forallveV.

e Is the mapping I: 74 — L% (Q; V) with ¥ — fo s)dL(s) continuous?

no semimartingale decomposition of LinU



Radonifying the increments

Consider for fixed 0 < t; < tx11 a simple random variable

O:Q— LHUV)  dw)=) Iaw)es
i=1
where ¢; € Z(U, V)
A€ Fy =0c(L(s)u: s €[0,t], ueU).

Since ; is Hilbert-Schmidt there exists Z; : {2 — V such that

(L(ths1) — L(tr)) (1) = (Zi,v)  forallv e V.



Radonifying the increments

Consider for fixed 0 < t; < tx11 a simple random variable

O :Q— L(U,V) ZILA W)pis

where @, € % (U,V)
A€ Fy i=o0(L(s)u: s €[0,tg], ueU).

Since ; is Hilbert-Schmidt there exists Z; : {2 — V such that

(L(tk+1) — L(tw)) (piv) = (Z;, v) for all v € V.

Define the V-valued random variable
O (L(tpt1) — Z L4, Z;.

It satisfies for each v € V:

(®(L(ths1) — Z La; (L(tk+1) — L(tx)) (e} v)



Radonifying the increments

Theorem: (with A. Jakubowski)
Let O < ?x < tr4+1 be fixed. For each .7 -measurable random variable

D0 — S%Q(U, V),

there exists a random variable Y : 0 — V and a sequence {®,, },,en of
simple random variables such that ®,, - ® P-a.s. and

Y = lim @, (L(tx+1) — L(tx)) in probability.

n—oo

Define: ®(L(tp11) — L(ty)) := Y.



Defining the stochastic integral

For a simple stochastic process of the form

N—1

v [O,T] XQ%XQ(U,V), ﬂ(t tj—|—1

7=0
where 0 =tg <t;1 < --- <ty =T,
;: Q= AH(U,V) is F -measurable,
define the V-valued stochastic integral
N—1
I(0) = )  ©;(L(tj41) — L(t;))

7



Defining the stochastic integral

For a simple stochastic process of the form

N—1
v [O,T] XQ%XQ(U,V), ﬂ(t tj—|—1
7=0
where 0 =tg <t;1 < --- <ty =T,
;: Q= AH(U,V) is F -measurable,
define the V-valued stochastic integral
N—1
I(0) = )  ©;(L(tj41) — L(t;))
j=0

Simple stochastic processes are dense in

(L) ={¥:Q— D_([0,T],%(U,V)) : adapted},

where D_([0,T], (U, V)) :=={f:[0,T] = £(U,V) : caglad},

equipped with the Skorokhod Ji-topology.



Defining the stochastic integral

Theorem: (with A. Jakubowski)

For every W € 77 (%) there exists an V-valued random variable I(¥) and
a sequence {V,, },ecn of simple stochastic processes such that ¥,, — W
P-a.s. in Jy and

T
/ U(s)dL(s) == lim I(¥,) i probability.
0

n—oo



Defining the stochastic integral

Theorem: (with A. Jakubowski)
For every U € J7(%,) there exists an H-valued random variable ()

and a sequence {V¥,, },cn of simple stochastic processes such that ¥,, —
v P-a.s. in J; and

T
/ U(s)dL(s) == lim I(¥,) i probability.
0

n—oo

Proof: Show that
(1) {I(V,): ne N} is tight
(2) for every v € V there exists a real-valued random variable Y}, such

(I(V,,),v) = Y, in probability



Proof: {I(V,): n € N} is tight
Let ¥,, — W P-a.s. in J;, where

N1 oy (2T, ) = LU V)
\Ijn(t) — Z (I)n,] :ﬂ'(tn7j,tn7j+1](t)' 0= tho < -+ S tpN, = T
7=0



Proof: {I(V,): n € N} is tight
Let ¥,, — W P-a.s. in J;, where

Np—1 Cbn,j : (Q’ytn,j) — gQ(U, V)
\Ijn(t) — Z (I)n,] :ﬂ'(tn7j,tn’j_|_1](t)' 0= tho < -+ S tpN, = T
7=0

Then the stochastic integral I(¥,,) is given by

I(\Dn) — Jn,O R Jn,Nn—la

where Jn,j = (I)n,j (L(tn,j_|_1> — L(tn,J)) : Q= V.



Proof: {I(V,): n € N} is tight
Let ¥,, — W P-a.s. in J;, where

Np—1 Cbn,j : (Q’ytn,j) — gQ(U, V)
\Ijn(t) — Z (I)n,] :ﬂ'(tn7j,tn’j_|_1](t)' 0= tho < -+ S tpN, = T
7=0

Then the stochastic integral I(¥,,) is given by

I(\Dn) — Jn,O R Jn,Nn—la

where Jn,j = (I)n,j (L(tn,j_|_1> — L(tn,J)) : Q= V.
Define the regular conditional distribution f,, j : B(V) x Q@ — |0, 1] by

b (B, w) : = P(Jn,j e B ‘ %,j)(w)



Proof: {I(V,): n € N} is tight
Let ¥,, — ¥ P-a.s. in Jq, where

Np—1 (bn,j : (Q’ytn,j) — gQ(U, V)
\Ijn(t) — Z (I)n,] :ﬂ'(tn7j,tn’j_|_1](t)' 0= tho < -+ S tpN, = T
7=0

Then the stochastic integral I(¥,,) is given by

I(\Ifn) — Jn,O + -4+ Jn,Nn—lv

where Jn,j = (I)n,j (L(tn,j_|_1> — L(tn,J)) : Q= V.
Define the regular conditional distribution f,, j : B(V) x Q@ — |0, 1] by

b (B, w) : = P(Jn,j e B ‘ %,j)(w)

tn,j+1—tn,j

— (d X o (CI)nJ(w))_l) (B)

cylindrical Law of L(1)



Proof: {I(V,): n € N} is tight

Let (J;’j :7=0,....,N,— 1, n¢€ N) be r.v. on (Q,Jﬁ) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).



Proof: {I(V,): n € N} is tight

Let (J;’j :7=0,....,N,— 1, n¢€ N) be r.v. on (Q,Jﬁ) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).

Define the (tangent) sum

I'(Vy) == Jpo+ -+ Jp N, 15



Proof: {I(V,): n € N} is tight

Let (J;’j :7=0,....,.N,—1, ne N) be r.v. on (Q,QZIS) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).

Define the (tangent) sum

I'(Vy) == Jpo+ -+ Jp N, 15

Theorem 2. (Jakubowski 1988, Jakubowski, Riedle 2016)

Nn—l

Np—1
If > Jr s tight then ) J, 4 is tight.
k=0 k=0



Proof: {I(V,): n € N} is tight

Let (J;’j :7=0,....,N,— 1, n¢€ N) be r.v. on (Q,Jﬁ) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).

Define the (tangent) sum

I'(Vy) == Jpo+ -+ Jp N, 15

and its regular conditional distribution ¢ : B(V') x Q@ — [0, 1] by

o (B,w) : = ﬁ(l*(mn) e B | {4) (w)



Proof: {I(V,): n € N} is tight

Let (J;’j :7=0,....,N,— 1, n¢€ N) be r.v. on (Q,Jﬁ) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).

Define the (tangent) sum

I'(Vy) == Jpo+ -+ Jp N, 15

and its regular conditional distribution ¢ : B(V') x Q@ — [0, 1] by

o (B,w) : = ﬁ(l*(mn) e B | {4) (w)

~

= (PUoe - | 9@ e Pl € [ 9)) ) (B)



Proof: {I(V,): n € N} is tight

Let (J* . 7=0,...,N,— 1, n€ N) be r.v. on (Q,@Zﬁ’) satisfying
e row-wise conditional independent under a o-algebra &4 C Av;

o P(J;.€B|9)=P(J;,€B| F,;)=P(J.; € B| Fn;), BEBV).

Define the (tangent) sum

I'(Vy) == Jpo+ -+ Jp N, 15

and its regular conditional distribution ¢ : B(V') x Q@ — [0, 1] by

o (B,w) : = P(I*(\If eB|§¢)
= (PUoe - | 9@ e Pl € [ 9)) ) (B)

1 tn,l_tn,O 1 tn,Nn_tn,Nn—l
(xo @aa)™) " (Vo (@u,a@) ) (B)



Proof: {I(V,): n € N} is tight

For ¢ > 0 there exists a compact set K C % (U, V) such that
Ag ={weQ: ¢, j(w)e K forall j=0,...,N, —1,n € N}

satisfies P(A% ) < ¢.



Proof: {I(V,): n € N} is tight
For ¢ > 0 there exists a compact set K C % (U, V) such that
Ag ={weQ: ¢, j(w)e K forall j=0,...,N, —1,n € N}

satisfies P(A% ) < . For every w € Ax we have

{J;';(-,w) ' n e N}

g{(Awl—l)*sl*---*(Aw;l)“": pj € K, 81+---+sn=T,n€N}



Proof: {I(V,): n € N} is tight
For ¢ > 0 there exists a compact set K C % (U, V) such that
Ag ={weQ: ¢, j(w)e K forall j=0,...,N, —1,n € N}
satisfies P(A% ) < . For every w € Ax we have
{O‘Z(-,W) ' n e N}

g{(Awl—l)*sl*---*(Aw;l)*‘s": pj € K, 81+---+sn=T,n€N}

= relatively compact since K compact and infinitely divisibility



Proof: {I(V,): n € N} is tight

For ¢ > 0 there exists a compact set K C % (U, V) such that
Ag ={weQ: ¢, j(w)e K forall j=0,...,N, —1,n € N}
satisfies P(A% ) < . For every w € Ax we have

{0;';(-,w): nEN}
g{(Awl—l)*sl*---*(Aw;l)*‘s": pj € K, 81+---+sn=T,n€N}

= relatively compact since K compact and infinitely divisibility

*

*] we have

Since PI*(\Ifn) m— E[O’

{I*(¥,): n e N}is tight,



Proof: {I(V,): n € N} is tight

For ¢ > 0 there exists a compact set K C % (U, V) such that
Ag ={weQ: ¢, j(w)e K forall j=0,...,N, —1,n € N}
satisfies P(A% ) < . For every w € Ax we have

{0;';(-,w): nEN}
g{(Awl—l)*sl*---*(Aw;l)*‘s": pj € K, 81+---+sn=T,n€N}

= relatively compact since K compact and infinitely divisibility

*

*] we have

Since PI*(\Ifn) = E[O’
{I*(¥,): n e N}is tight,

which implies tightness of {I(¥,,) : n € N}.
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