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Introduction and Motivation

Estimates of transition density in R%
Dirichlet heat kernel estimates

Define a Dirichlet form (£, F) in R¢ as
E(u,v) —/ Vu(z) - A(z)Vo(z) der/ (u(:p —u(y))(v(z) —v(y))J(z,y)dzdy

and
F={feL*R%dx): E(f, f) < oo}
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Introduction and Motivation

Estimates of transition density in R%
Dirichlet heat kernel estimates

Define a Dirichlet form (£, F) in R¢ as
E(u,v) —/ Vu(z) - A(z)Vo(z) der/ (u(:p —u(y))(v(z) —v(y))J(z,y)dzdy

and
F={feL*R%dx): E(f, f) < oo}

Here A(x) = (asj())1<i,5<d is @ symmetric measurable d x d matrix-valued function
on R? and J is a symmetric measurable function on R? x R\ {x = y}.
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Introduction and Motivation Estimates of transition density in R4

Dirichlet heat kernel estimates

Symmetric Hunt process

Under some mild assumptions on J and A, the Dirichlet form (€, F) is, in fact, a
regular Dirichlet form,

i.e., C(R%) N Fis dense in F with the norm £(f, f) + / |f]?dz and C.(RY) N F is
RrRd

dense in C.(R?) with the uniform norm.
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Dirichlet heat kernel estimates

Symmetric Hunt process

Under some mild assumptions on J and A, the Dirichlet form (€, F) is, in fact, a
regular Dirichlet form,

i.e., C(R%) N Fis dense in F with the norm £(f, f) + / |f]?dz and C.(RY) N F is
RrRd

dense in C.(R?) with the uniform norm.

So, by Fukushima (71) and Silverstein (74), there is a symmetric Hunt process X in R?
associated with (£, F). Its L2-infinitesimal generator £ is

ot

( au(x)) +lim (u(y) — u(@))J (z, y)dy.

Oz 10 J{jy—a|>e}
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Dirichlet heat kernel estimates

Symmetric Hunt process

Under some mild assumptions on J and A, the Dirichlet form (€, F) is, in fact, a
regular Dirichlet form,

i.e., C(R%) N Fis dense in F with the norm £(f, f) + / |f]?dz and C.(RY) N F is
RrRd

dense in C.(R?) with the uniform norm.

So, by Fukushima (71) and Silverstein (74), there is a symmetric Hunt process X in R?
associated with (£, F). Its L2-infinitesimal generator £ is

ot

( au(x)) +lim (u(y) — u(@))J (z, y)dy.

Oz 0 S {ly—al>e}

Under some mild assumptions on J and A, X is conservative and the transition
function P, (X € dy) is absolutely continuous with respect to Lebesgue measure in
R so that P, (X: € dy) = p(t,z,y)dy (Chen & Kumagai (08, 10)).
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Introduction and Motivation Estimates of transition density in R%

Dirichlet heat kernel estimates

Assumption on J in Chen, K & Kumagai (11): (WS) & EXP(3)

It is assumed in Chen, K & Kumagai (11) that

“ < J(z,y) < &
& 9161z —yDunteale — o) =Y = o yl6n (e — y)un (esle — o)

where
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Dirichlet heat kernel estimates

Assumption on J in Chen, K & Kumagai (11): (WS) & EXP(3)

It is assumed in Chen, K & Kumagai (11) that

= <J < s
o= 1610w — hnteale oD = * Y = = gl1 e — g teale — o)
where
(i) ¢1 is increasing on [0, co) with ¢1(0) = 0, ¢1(1) = 1 and
Ry $1(R) Ry a2
01(7) < () < 02<7) , V0O<r<R<x (WS)

forsome 0 < a1 < ag < 2,
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Dirichlet heat kernel estimates

Assumption on J in Chen, K & Kumagai (11): (WS) & EXP(3)

It is assumed in Chen, K & Kumagai (11) that

“ <J < &
& 9161z —yDunteale — o) =Y = o yl6n (e — y)un (esle — o)

where

(i) ¢1 is increasing on [0, co) with ¢1(0) = 0, ¢1(1) = 1 and

cl(§>al < ill((f)) < Q(?)az, VO<r<R<oo (WS)

forsome 0 < a1 < ag < 2,

(ii) 21 is increasing on [0, co] with 41 (r) = 1for 0 < r <1 and

cle“TB <i(r) < cze“’”ﬁ, V1l <r < oo, (EXP(B))

where 3 € [0,00] and v2 > v1 > 0.
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Dirichlet heat kernel estimates

Assumption on J in Chen, K & Kumagai (11): UJS

We say UJS (upper jump smoothness) holds if for a.e. =,y € RY,

1
J(z,y) < id/ J(z,y)dz  wheneverr < ~|z —y|. (UJS)
s B(z,r) 2

(Barlow-Bass-Kumagai (09))
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Dirichlet heat kernel estimates

Assumption on J in Chen, K & Kumagai (11): UJS

We say UJS (upper jump smoothness) holds if for a.e. =,y € RY,
1
J(z,y) < id/ J(z,y)dz  wheneverr < ~|z —y|. (UJS)
s B(z,r) 2

(Barlow-Bass-Kumagai (09))

Chen-K-Kumagai (09) (also see Barlow-Bass-Kumagai (09))

Suppose that J(z, y) is continuous. Then the parabolic Harnack inequality is
equivalent to UJS.
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Dirichlet heat kernel estimates

Estimates of p(¢, x, y) for 5 = 0: Chen & Kumagai (08, 10)

(a) When g =0and A(z) =0,

L t
(7 @) |z —yldo1(lz — yl)

p(t,z,y) <

for every (t,z,y) € (0,00) x R? x R%.
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Dirichlet heat kernel estimates

Estimates of p(¢, x, y) for 5 = 0: Chen & Kumagai (08, 10)

(a) When g =0and A(z) =0,

L t
(7 @) |z —yldo1(lz — yl)

p(t,z,y) <

for every (t,z,y) € (0,00) x R? x R%.

(b) When 8 = 0 and A(z) is uniform elliptic and bounded,

p(t,z,y) <

(t_d/Q AN Qb;l(t)_d) A <t_d/2€_096—y|2/t + ((¢_11(t))d A |:l‘ — yld(;l(lm _ y))>
1

for every (¢, z,y) € (0,00) x R x R%,
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Dirichlet heat kernel estimates

g > 0and A(x) = 0: Chen, K & Kumagai (11)

Assume A(z) = 0 and EXP(3) with 8 > 0, WS and UJS hold.
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Dirichlet heat kernel estimates

g > 0and A(x) = 0: Chen, K & Kumagai (11)

Assume A(z) = 0 and EXP(3) with 8 > 0, WS and UJS hold.

(@) When0 < <1

1 te—clz—yl”
— A ¢ y , Vte(0,1];
p(t,z,y) < (@1 () |z =yl (e —yl)
/2 —e(le—ulale5t) vt > 1.
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Dirichlet heat kernel estimates

g > 0and A(x) = 0: Chen, K & Kumagai (11)

Assume A(z) = 0 and EXP(3) with 8 > 0, WS and UJS hold.

(@) When0 < <1

. e—clo—ul?
ot =< 4 @) T yliege ) O
t—d/Qe*C('””*y‘ﬁ“wiy‘Q), vt > 1.
(b) When 8 € (1, 50)
1 t
@) " o~ vz — )’ welll-u<t;
plt2.3) = ge((loms (o =) i) 0 eyl 1

—d/2 g—c((lz—yl (1+108™ "‘—?")(571)/5%@), vt > 1.

Panki Kim Dirichlet heat kernel estimates for symmetric Lévy processes



Introduction and Motivation

Estimates of transition density in R%
Dirichlet heat kernel estimates
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Introduction and Motivation Estimates of transition density in R4
Dirichlet heat kernel estimates

AR=|z—y| Ry

i efcR(logg)(’f’”/’f
g
_~_67(‘R )

(61 ()™ A 7ty
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1< B <o
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Dirichlet heat kernel estimates

B = oo and A(x) = 0: Chen, K & Kumagai (11)

For the finite range case i.e. when

J(@,y) =< |z —y|"o1(le —y1) " Lgjp_yi<1ys
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Dirichlet heat kernel estimates

B = oo and A(x) = 0: Chen, K & Kumagai (11)

For the finite range case i.e. when

J(@,y) =< |z —y|"o1(le —y1) " Lgjp_yi<1ys

1 t
— A ) Vt6(0,1]7|$—y\<1;
(¢ @) |z —ylder(lz — yl)
p(t,2,y) < { emelo—yl(tlog™ 125l Ve —y| >
2
t=%2 exp (—CM) , vt > 1,z —y| <t
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Dirichlet heat kernel estimates

B > 0 and A(x) is uniform elliptic: Chen, K & Kumagai (preparation)

Assume A(z) is uniform elliptic and bounded, EXP(3) with 5 > 0, WS and UJS hold.
Let

pet,r) == $+—d/2 exp(—r2/t) and pj(t, r)i= (‘lsl_l(t)_d A m) ’

(@)When0 < g <1
t= U2 (p(t,clw —y|) + ) (tclw —y])), VYt € (0,1]
p(t, Z‘yy) = tid/Q e—c(|ﬂf—y\ﬁ/\|m_tm2)’ Vi1
(b) When 8 € (1, o)

tid/z A (pc(t,c|:z: - y|) +p3((t,c)|/x - yl)) ) vt € (07 1]7 ‘27 - y| < 1;
z— B—1)/8

¢ e—c((lz—yl (1+10g* L2521) )Ale—vl®) vte (0,1, ]z —y| > 1;

i—d/2=c((Jo—yl (1410g+ 1252 )(Bfl)/ﬁ)/\i‘miw), vt > 1.

p(t, z,y) <
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ntroduction and Motivation Estimates of transition density in R%

Dirichlet heat kernel estimates

Remark

@ As you have seen, the explicit estimates of the transition density p(t, z,y) in R?
depend heavily on the corresponding jumping kernel and the existence of
Gaussian component.
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Dirichlet heat kernel estimates

Remark

@ As you have seen, the explicit estimates of the transition density p(t, z,y) in R?
depend heavily on the corresponding jumping kernel and the existence of
Gaussian component.

@ On the other hand, scale-invariant parabolic Harnack inequality holds with the
explicit scaling in terms of ¢1, 1{3—0} and the bound in uniform ellipticity
condition.
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Dirichlet heat kernel estimates

Remark

@ As you have seen, the explicit estimates of the transition density p(t, z,y) in R?
depend heavily on the corresponding jumping kernel and the existence of
Gaussian component.

@ On the other hand, scale-invariant parabolic Harnack inequality holds with the
explicit scaling in terms of ¢1, 1{3—0} and the bound in uniform ellipticity
condition.

@ In particular, if X is a symmetric Lévy processes with above assumptions, the
scale-invariant parabolic Harnack inequality holds with the explicit scaling in terms
of its Lévy exponent W (&) (which you will see in next two slides).
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Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function
1

P(r)y=—m——, r > 0.
Sup‘z‘ST*I \I/(Z)
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Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function

1

P(r)y=—m——, r > 0.
sup|,j<,—1 ¥(2)

Lemma

Suppose that X is a symmetric Lévy processes with EXP(3) and WS, and that a is
the bound in uniform ellipticity condition.
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Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function

1

P(r)y=—m——, r > 0.
sup|,j<,—1 ¥(2)

Lemma

Suppose that X is a symmetric Lévy processes with EXP(3) and WS, and that a is
the bound in uniform ellipticity condition.

(a) When B =0 andao =0, then ®(r) < ¢1(r).
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Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function

1

P(r)y=—m——, r > 0.
Sup‘z‘ST*I \I/(Z)

Lemma

Suppose that X is a symmetric Lévy processes with EXP(3) and WS, and that a is
the bound in uniform ellipticity condition.
(a) When 3 =0 andap =0, then ®(r) < ¢1(r).

r? forr € [0, 1],

(b) When g = 0 and ap > 0, then ®(r) < {¢1(r) forr > 1.

Panki Kim Dirichlet heat kernel estimates for symmetric Lévy processes



Introduction and Motivation Estimates of transition density in R4

Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function

1

P(r)y=—m——, r > 0.
Sup‘z‘ST*I \I/(Z)

Lemma

Suppose that X is a symmetric Lévy processes with EXP(3) and WS, and that a is
the bound in uniform ellipticity condition.
(a) When 3 =0 andap =0, then ®(r) < ¢1(r).

r? forr € [0, 1],

(b) When g = 0 and ap > 0, then ®(r) < {¢1(r) forr > 1.

$1(r) forr € [0, 1],
Whi =0, th d(r) <
(c) When j3 € (0, 00] and ag = 0, then (r) {r2 forr>1.
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Dirichlet heat kernel estimates

Lévy processes case

Let W(¢) be the Lévy exponent of symmetric Lévy process X and use @ to denote the
non-decreasing function

1

P(r)y=—m——, r > 0.
sup|,j<,—1 ¥(2)

Lemma

Suppose that X is a symmetric Lévy processes with EXP(3) and WS, and that a is
the bound in uniform ellipticity condition.

(a) When 3 =0 andap =0, then ®(r) < ¢1(r).
r2 forr € [0, 1],

(b) When g = 0 and ap > 0, then ®(r) < {¢1(r) forr > 1.

$1(r) forr € [0, 1],
Whi =0, th d(r) <
(c) When j3 € (0, 00] and ag = 0, then (r) {r2 forr > 1.

(d) When 8 € (0,00] and ap > 0, then  ®(r) < r2.
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Dirichlet heat kernel estimates

Lévy processes case

If X is a symmetric Lévy processes with EXP(3), WS and UJS, then Parabolic
Harnack inequality holds with the explicit scaling in terms of Lévy exponent W (¢);
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Dirichlet heat kernel estimates

Lévy processes case

If X is a symmetric Lévy processes with EXP(3), WS and UJS, then Parabolic
Harnack inequality holds with the explicit scaling in terms of Lévy exponent W (¢);

For every § € (0, 1), there exists ¢ = ¢(d, §) > 0 such that for every to > 0, R > 0 and
every non-negative function w on [0, c0) x R¢ that is parabolic on
(to,to + 46®(R)] x B(0, R),

sup  u(ti,y1) <e inf - ou(te,y2),
(t1,y1)€Q— (t2,¥2)€Q+

where
Q- = [to + 6P(R), to + 26®(R)] x B(0, R/2)

and
Q+ = [to +30P(R), to + 46P(R)] x B(0, R/2).
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Dirichlet heat kernel estimates

Dirichlet heat kernel for Brownian motion

Due to the complication near the boundary, two-sided estimates on the transition
density pp (¢, z,y) of killed diffusions in a domain D (equivalently, the Dirichlet heat
kernel) have been established recently.
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Introduction and Motivation

Estimates of transition density in R
Dirichlet heat kernel estimates

Dirichlet heat kernel for Brownian motion

Due to the complication near the boundary, two-sided estimates on the transition
density pp (¢, z, y) of killed diffusions in a domain D (equivalently, the Dirichlet heat
kernel) have been established recently.

Davies (87), Zhang (02)

Let D be a bounded C*+! domain of R? and 6, (z) the distance between = and D°®.
Let pp (¢, z, y) be the transition density of killed Brownian motion in a domain D
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Estimates of transition density in R
Dirichlet heat kernel estimates

Dirichlet heat kernel for Brownian motion

Due to the complication near the boundary, two-sided estimates on the transition
density pp (¢, z, y) of killed diffusions in a domain D (equivalently, the Dirichlet heat
kernel) have been established recently.

Davies (87), Zhang (02)

Let D be a bounded C*+! domain of R? and 6, (z) the distance between = and D°®.
Let pp (¢, z, y) be the transition density of killed Brownian motion in a domain D

For every T' > 0, there exist c1, c2, ¢3,c4 > 0 such thaton (0,7] x D x D

90(@)yq 8D yy-a/2-erlo—yi?/t

Vit

<pp(t,z,y) <c3(1A

ci(1 A

(SD(CC) 5D7(y) —d/2efc4|zf 12/t
)18 222, o0,
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Dirichlet heat kernel estimates

Dirichlet Heat Kernel Estimates of Discontinous Markov Process

Let Y be a Markov process in R¢ whose infinitesimal generator is £ and we assume
P, (Y: € dy) is absolutely continuous with respect to Lebesgue measure in R,

Panki Kim Dirichlet heat kernel estimates for symmetric Lévy processes



Introduction and Motivation Estimates of transition density in R
Dirichlet heat kernel estimates

Dirichlet Heat Kernel Estimates of Discontinous Markov Process

Let Y be a Markov process in R¢ whose infinitesimal generator is £ and we assume
P, (Y: € dy) is absolutely continuous with respect to Lebesgue measure in R,

For any open subset D C R?, let Y'? be a subprocess of Y killed upon leaving D and
pp(t, z,y) be a transition density of YyP, pp(t, z,y) describes the distribution of YyP:

e, P (VP e A)= /ApD(t z,y)dy.
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Dirichlet heat kernel estimates

Dirichlet Heat Kernel Estimates of Discontinous Markov Process

Let Y be a Markov process in R¢ whose infinitesimal generator is £ and we assume
P, (Y: € dy) is absolutely continuous with respect to Lebesgue measure in R,

For any open subset D C R?, let Y'? be a subprocess of Y killed upon leaving D and
pp(t, z,y) be a transition density of YyP, pp(t, z,y) describes the distribution of YyP:

e, P (VP e A)= /ApD(t z,y)dy.

An infinitesimal generator £|p of Y'? is the infinitesimal generator £ with zero exterior
condition.
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Dirichlet heat kernel estimates

Dirichlet Heat Kernel Estimates of Discontinous Markov Process

Let Y be a Markov process in R¢ whose infinitesimal generator is £ and we assume
P, (Y: € dy) is absolutely continuous with respect to Lebesgue measure in R,

For any open subset D C R?, let Y'? be a subprocess of Y killed upon leaving D and
pp(t, z,y) be a transition density of YyP, pp(t, z,y) describes the distribution of YyP:

e, P (VP e A)= /ApD(t z,y)dy.

An infinitesimal generator £|p of Y'? is the infinitesimal generator £ with zero exterior
condition.
pp(t,z,y) is also called the Dirichlet heat kernel for £|p since

u(t.) == Bl f(X0) = [ ot w)dy

is the solution to exterior Dirichlet problem:

Lu(t,-) = dsu(t,-),u(0,-) = f(-)on D and u = 0 on D°.
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Dirichlet heat kernel estimates

Dirichlet Heat Kernel Estimates of Discontinous Markov Process

Let Y be a Markov process in R¢ whose infinitesimal generator is £ and we assume
P, (Y: € dy) is absolutely continuous with respect to Lebesgue measure in R,

For any open subset D C R?, let Y'? be a subprocess of Y killed upon leaving D and
pp(t, z,y) be a transition density of YyP, pp(t, z,y) describes the distribution of YyP:

e, P (VP e A)= /ApD(t z,y)dy.

An infinitesimal generator £|p of Y'? is the infinitesimal generator £ with zero exterior
condition.
pp(t,z,y) is also called the Dirichlet heat kernel for £|p since

u(t.) == Bl f(X0) = [ ot w)dy

is the solution to exterior Dirichlet problem:

Lu(t,-) = dsu(t,-),u(0,-) = f(-)on D and u = 0 on D°.

What is the sharp estimates on pp (¢, z,y)?
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Dirichlet heat kernel estimates

en, K and Song (10)

Theorem. Let D be a C*! open subset of R,
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Dirichlet heat kernel estimates

Chen, K and Song (10)

Theorem. Let D be a C*! open subset of R,

Suppose that pp (¢, z, y) is Dirichlet heat kernel of the fractional Laplacian
—(=A)*?|p in D.
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Dirichlet heat kernel estimates

Chen, K and Song (10)

Theorem. Let D be a C*! open subset of R,

Suppose that pp (¢, z, y) is Dirichlet heat kernel of the fractional Laplacian
—(=A)*?|p in D.

(i) For every T'> 0, 0n (0,T] x D x D

- 5p(x)*/? 5p(y)2/? —d/a 13
pp(t, z,y) < (1/\ v ) (1/\ i )(t A7|xfy|d+°‘)'
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Estimates of transition density in R
Dirichlet heat kernel estimates

Chen, K and Song (10)

Theorem. Let D be a C*! open subset of R,

Suppose that pp (¢, z, y) is Dirichlet heat kernel of the fractional Laplacian
—(=A)*?|p in D.

(i) For every T'> 0, 0n (0,T] x D x D

- 5p(x)*/? 5p(y)2/? —d/a 13
pp(t, z,y) < (1/\ v ) (1/\ i )(t A7|xfy|d+°‘)'

(i) Suppose in addition that D is bounded. For every T' > 0, on [T, c0) X D x D,

pp(t,a,y) < e 1t 6p(x)*/2 5p(y)*/?,

where A1 > 0 is the smallest eigenvalue of (—A)"‘/2|D.

Panki Kim Dirichlet heat kernel estimates for symmetric Lévy processes



Introduction and Motivation

Estimates of transition density in

Dirichlet heat kernel estimates

Since then Dirichlet heat kernel estimates (DHKE) has been generalized to more
general stochastic processes:
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Estimates of transition density in

Dirichlet heat kernel estimates

Since then Dirichlet heat kernel estimates (DHKE) has been generalized to more
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Since then Dirichlet heat kernel estimates (DHKE) has been generalized to more
general stochastic processes:

@ DHKE for purely discontinuous rotationally symmetric Lévy processes (Chen, K,
and Song (12, 12, 14), Bogdan, Grzywny and Ryznar (14))

@ DHKE for subordinate Brownian motion with Gaussian component (Chen, K, and
Song (11, 14))

@ DHKE for symmetric non-Lévy processes (Chen, K, and Song (10), Kim &K (14),
Grzywny, Kim & K (15))
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Introduction and Motivation

Estimates of transition density in R

Dirichlet heat kernel estimates

Since then Dirichlet heat kernel estimates (DHKE) has been generalized to more
general stochastic processes:

@ DHKE for purely discontinuous rotationally symmetric Lévy processes (Chen, K,
and Song (12, 12, 14), Bogdan, Grzywny and Ryznar (14))

@ DHKE for subordinate Brownian motion with Gaussian component (Chen, K, and
Song (11, 14))

@ DHKE for symmetric non-Lévy processes (Chen, K, and Song (10), Kim &K (14),
Grzywny, Kim & K (15))

@ DHKE for non-symmetric stable processes with gradient perturbation (Chen, K &
Song (12), K & Song (14))
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Dirichlet heat kernel estimates

Chen & Tokle(11), Chen, K & Song(12), Chen, K & Song(12) : DHKE for stable (
—(=A)*/?) and relativistic stable (m — (m2/® — A)*/2) processes are obtained for all
t > 0 in two classes of unbounded open sets: half-space-like C'*'! open sets and
exterior C! open sets.
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Chen & Tokle(11), Chen, K & Song(12), Chen, K & Song(12) : DHKE for stable (
—(=A)*/?) and relativistic stable (m — (m2/® — A)*/2) processes are obtained for all
t > 0 in two classes of unbounded open sets: half-space-like C'*'! open sets and
exterior C! open sets.

Since the estimates in these papers hold for all ¢ > 0, they are called global Dirichlet
heat kernel estimates.
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Chen & Tokle(11), Chen, K & Song(12), Chen, K & Song(12) : DHKE for stable (
—(=A)*/?) and relativistic stable (m — (m2/® — A)*/2) processes are obtained for all
t > 0 in two classes of unbounded open sets: half-space-like C'*'! open sets and
exterior C! open sets.

Since the estimates in these papers hold for all ¢ > 0, they are called global Dirichlet
heat kernel estimates.

Bogdan, Grzywny and Ryznar (14) : Global Dirichlet heat kernel estimates for purely
discontinuous unimodal Lévy processes in half-space-like C'>! open sets and exterior
C'1 open sets.
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Chen & Tokle(11), Chen, K & Song(12), Chen, K & Song(12) : DHKE for stable (
—(=A)*/?) and relativistic stable (m — (m2/® — A)*/2) processes are obtained for all
t > 0 in two classes of unbounded open sets: half-space-like C'*'! open sets and
exterior C! open sets.

Since the estimates in these papers hold for all ¢ > 0, they are called global Dirichlet
heat kernel estimates.

Bogdan, Grzywny and Ryznar (14) : Global Dirichlet heat kernel estimates for purely
discontinuous unimodal Lévy processes in half-space-like C'>! open sets and exterior
C'1 open sets.

Kyung-Youn Kim (15) : Global heat kernel estimates for symmetric (non-Lévy) Markov
processes dominated by stable-like processes in exterior C*" open sets
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Dirichlet heat kernel estimates

An open set D is said to be half-space-like if, after isometry, there exist two real
numbers b; < by such that

{o=(F aq) eRY:zg>b1} CDC{x=(Fxq) €ERY:2q > bo}.
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An open set D is said to be half-space-like if, after isometry, there exist two real
numbers b; < by such that

{o=(F aq) eRY:zg>b1} CDC{x=(Fxq) €ERY:2q > bo}.

We conjectured in Chen, K and Song(12) that, when D is half space-like C''* open
set, the following two sided estimates holds for a large class of rotationally symmetric
Lévy process whose Lévy exponent is ¥ (|¢|):
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Dirichlet heat kernel estimates

An open set D is said to be half-space-like if, after isometry, there exist two real
numbers b; < by such that

{o=(F aq) eRY:zg>b1} CDC{x=(Fxq) €ERY:2q > bo}.

We conjectured in Chen, K and Song(12) that, when D is half space-like C''* open
set, the following two sided estimates holds for a large class of rotationally symmetric
Lévy process whose Lévy exponent is ¥ (|¢|):

there are constants c1, c2, c3 > 1 such that for every (¢, z,y) € (0,00) x D x D,

1 ( L A 1) ( ! A 1) p(t,ca(y — 7)) < pp(t,z,9)
o \Viu(1/op (@) 19(1/0p (1))

1 1
<ca <t\Il(1/5D(x)) /\1> (15\1'(1/6,3(3;)) /\1) p(t,c3(y — x)) (1)

where p(t, ) is the transition density of X.
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Dirichlet heat kernel estimates

An open set D is said to be half-space-like if, after isometry, there exist two real
numbers b; < by such that

{o=(F aq) eRY:zg>b1} CDC{x=(Fxq) €ERY:2q > bo}.

We conjectured in Chen, K and Song(12) that, when D is half space-like C''* open
set, the following two sided estimates holds for a large class of rotationally symmetric
Lévy process whose Lévy exponent is ¥ (|¢|):

there are constants c1, c2, c3 > 1 such that for every (¢, z,y) € (0,00) x D x D,

1 ( L A 1) ( ! A 1) p(t,ca(y — 7)) < pp(t,z,9)
o \Viu(1/op (@) 19(1/0p (1))

1 1
<ca <t\Il(1/5D(x)) /\1> (15\1'(1/6,3(3;)) /\1) p(t,c3(y — x)) (1)

where p(t, ) is the transition density of X.

This conjecture was proved for rotationally symmetric unimodal pure jump Lévy
process with WS in Bogdan, Grzywny & Ryznar (14).
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Estimates of transition density in

Dirichlet heat kernel estimates

Let us focus on the conjecture (1) when D = H is a half space. In Chen & K (16), we
show that (1) holds for a large class of (not necessarily rotationally) symmetric Lévy
processes. Our symmetric Lévy processes may or may not have Gaussian component.
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Introduction and Motivation

Estimates of transition density in R
Dirichlet heat kernel estimates

Let us focus on the conjecture (1) when D = H is a half space. In Chen & K (16), we
show that (1) holds for a large class of (not necessarily rotationally) symmetric Lévy
processes. Our symmetric Lévy processes may or may not have Gaussian component.

Once the global heat kernel estimates are obtained on upper half space H, one can
then use the “push inward” method introduced in Chen & Tokle(11) to extend the
results to half-space-like C! open sets. See Bogdan, Grzywny & Ryznar (14).
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

o Global sharp heat kernel estimates in half spaces (Chen & K (16))
@ Setup and Preliminary estimates
@ Results under PHI(®)
@ Condition (P) and its consequence
@ Global sharp heat kernel estimates in half spaces
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Condition (P) and its consequence
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

d>1land X = (X¢,Ps);>0 ,cpa IS @ Symmetric discontinuous Lévy process (but

possibly with Gaussian component) on R¢ with unbounded Lévy exponent ¥ (¢) and
Léve density J where P, (Xo = z) = 1.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

d>1land X = (X¢,Ps);>0 ,cpa IS @ Symmetric discontinuous Lévy process (but

possibly with Gaussian component) on R¢ with unbounded Lévy exponent ¥ (¢) and
Léve density J where P, (Xo = z) = 1.

That is, X is a right continuous symmetric process having independent stationary
increments with

E [e’f'(xf*XU)] =tV for every z € R% and ¢ € R?

and
d
WO = Y auby+ [ (1 -cos€ )0y fore = (61, €0) €RY
ii=1

where A = (a4;) is a constant, symmetric, non-negative definite matrix and J is a

symmetric non-negative function on R \ {0} with / (1A 22)J(2)dz < oo.
Rd
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (Comp)

Note that X¢ is a 1-dimensional symmetric Lévy process with Lévy exponent
¥1(n) == ¥((0,...,0,m)).
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (Comp)

Note that X¢ is a 1-dimensional symmetric Lévy process with Lévy exponent
¥1(n) == ¥((0,...,0,m)).

From now on we assume that there exists ¢ > 1 so that

sup ¥(z) <c sup ¥((0,...,0,n)) forallr>o0. (Comp)
[z|<r [nl<r
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (Comp)

Note that X¢ is a 1-dimensional symmetric Lévy process with Lévy exponent
¥1(n) == ¥((0,...,0,m)).

From now on we assume that there exists ¢ > 1 so that

sup ¥(z) < c sup ¥((0,...,0,n)) forallr>o0. (Comp)
[z|<r [nl<r

Condition (Comp) holds if X is weakly comparable to an isotropic Lévy process in the
following sense.

Suppose there are a non-negative function j on (0,c0) anda >0¢; > 0,7 =1,2,3
such that, for all y € R?

d
_ 1. .
citalyl® < Y aigyiy; < cialél? and epli(ealyl) < J(y) < erj(eslyl),
ig=1

Then (Comp) holds
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (C)

sup ¥(z) <c¢ sup ¥((0,...,0,n)) forallr>o0. (Comp)
[z]<r [nl<r
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (C)

sup ¥(z) <c¢ sup ¥((0,...,0,n)) forallr>o0. (Comp)
[z]<r [n|<r
Recall that
1
Pd(r) = r > 0.

sup|,j<,—1 ¥(2) ’

The right continuos inverse function of ® is ® 1 (r).
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (C)

sup ¥(z) <c¢ sup ¥((0,...,0,n)) forallr>o0. (Comp)
[z]<r [n|<r
Recall that
1
)= — >0,

sup|,j<,—1 ¥(2) ’

The right continuos inverse function of ® is ® 1 (r).

Lemma (Kwasnicki, Matecki & Ryznar (13) and Bogdan, Grzywny & Ryznar (14))

There exists Cy > 0 such that

it (,/¢(5Ei(x)) A 1) < Pu(ma >t) < Co < 7@(52]1(@)) A 1) .
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (ExpL)

We now assume that

/d exp (—t¥(£)) d¢ < o fort > 0. (ExpL)
R
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (ExpL)

We now assume that

/d exp (—t¥(£)) d¢ < o fort > 0. (ExpL)
R

Under this condition, the transition density p(¢, z, y) = p(t,y — ) of X exists as a
bounded continuous function for each fixed ¢t > 0, and it is given by

p(t,x) = (27r)7d/ e T W ge ¢ > 0.
Rd

Clearly
plt,a) < 2m) 0 [ e HOdg = p(t,0) < ox.
Rd
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Assumption (ExpL)

We now assume that

/d exp (—t¥(£)) d¢ < o fort > 0. (ExpL)
R

Under this condition, the transition density p(¢, z, y) = p(t,y — ) of X exists as a
bounded continuous function for each fixed ¢t > 0, and it is given by
p(t,x) = (27r)7d/ e T W ge ¢ > 0.
Rd
Clearly

plt,a) < 2m) 0 [ e HOdg = p(t,0) < ox.
R

Note that (ExpL) always holds if || A|| > 0.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

For an open set D, define
po(t,z,y) =pt,x —y) —Ba[p(t — 7D, Yrp —y):7p <t] fort>0,z,y€D

Using the strong Markov property of X, it is easy to verify that pp (¢, z,y) is the
transition density for X, the subprocess of X killed upon leaving an open set D.

Lemma

Suppose (ExpL) and (Comp) hold. For each a > 0, there exists a constant
¢ = c(a, ¥) > 0 such that for every (t, z,y) € (0,00) x H x H witha®~1(t) < |z — 9],

2(%u(2)) Al sup pu (s, 2, y)

— 3lx—
(s,2):s<t, 25¥l <2y < Bloyl

+ ((SER ) (RN s

pa(t z,9) <c(

w:\w|27‘wgy‘
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

PHI(®)

Let Zs := (Vs, Xs) be a time-space process where V, =V — s.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

PHI(®)

Let Zs := (Vs, Xs) be a time-space process where V, =V — s.

The law of the time-space process s — Z, starting from (¢, z) will be denoted as P(*:%)
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

PHI(®)

Let Zs := (Vs, Xs) be a time-space process where V, =V — s.
The law of the time-space process s — Z, starting from (¢, z) will be denoted as P(*:%)
We say that a non-negative Borel measurable function h(t, ) on [0, 0c) x R% is

parabolic (or caloric) on (a,b] X B(zo,r) if for every relatively compact open subset U
of (a,0] x B(xo,7), h(t, ) = Bt [h(Z,2)] for every (t,z) € U N ([0, 00) x RY),

where 7Z :=inf{s > 0: Zs ¢ U}.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

PHI(®)

Let Zs := (Vs, Xs) be a time-space process where V, =V — s.
The law of the time-space process s — Z, starting from (¢, z) will be denoted as P(*:%)

We say that a non-negative Borel measurable function h(t, ) on [0, 0c) x R% is
parabolic (or caloric) on (a,b] X B(zo,r) if for every relatively compact open subset U
of (a,0] x B(xo,7), h(t, ) = Bt [h(Z,2)] for every (t,z) € U N ([0, 00) x RY),

where 7Z :=inf{s > 0: Zs ¢ U}.
We assume the following (scale-invariant) parabolic Harnack inequality PHI(®) holds
for X; For every & € (0, 1), there exists ¢ = ¢(d, §) > 0 such that for every z¢ € R?,

to > 0, R > 0 and every non-negative function u on [0, co) x R? that is parabolic on
(to, to + 46¢(R)] X B(Io, R),

sup  u(t1,y1) <c inf u(t2,y2), (PHI(®))
(t1,91)€Q - (t2,92)€Q+

where Q— = (to + §®(R), to + 26®(R)] X B(zo, R/2) and
Q+ = [to +36P(R), to + 40®(R)] x B(zo, R/2).
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Consequences of PHI(®)

Setup and Preliminary estimates

Results under PHI($)

Condition (P) and its consequence

Global sharp heat kernel estimates in half spaces

First note that

t,0) < inf
o )7CI<I>*11(rtl)ZIZI

p(3t,0,2) < cz(q)*l(t))fd/‘ p(3t,0,2)dz < e3(®1(¢) "

B(0,2~1(t))

Panki Kim
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

Consequences of PHI(®)

First note that

p(t,0) <c1 p(3t,0,2) < cz(q)*l(t))fd/‘ p(3t,0,2)dz < e3(®1(¢) "

inf
1(t)>]z] B(0,®—1(t))

PHI(®) implies (ExpL).
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Consequences of PHI(®)

First note that

p(t,0) <c1 p(3t,0,2) < cz(q)*l(t))fd/‘ p(3t,0,2)dz < e3(®1(¢) "

inf
—1(t)>|z| B(0,2~1(t))

PHI(®) implies (ExpL).

Proposition (Interior near diagonal lower bound)

Suppose PHI(®) holds. Leta > 0 be a constant. There exists c = c(a) > 0 such that
po(t,@,y) > c(@71 ()¢

for every (t,z,y) € (0,00) x D x D withdp(z) Adp(y) > ad~L(t) > 4|z — yl.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

uJs

We assume (UJS) holds. i.e., there exists a positive constant ¢ such that for every
y € RY,

C

1
J(y) < J(y — z)dz whenever r < 5 ly|- (UJs)

e JB(0,r)
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

uJs

We assume (UJS) holds. i.e., there exists a positive constant ¢ such that for every
y € RY,

C

1
J(y) < J(y — z)dz whenever r < 5 ly|- (UJs)

e JB(0,r)

Note that (UJS) is very mild assumption in our setting. In fact, UJS always holds if
J(z) =< j(]z|) for some non-increasing function j.
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

uJs

We assume (UJS) holds. i.e., there exists a positive constant ¢ such that for every
y € RY,

C

1
J(y) < J(y — z)dz whenever r < 5 ly|- (UJs)

e JB(0,r)

Note that (UJS) is very mild assumption in our setting. In fact, UJS always holds if
J(z) =< j(]z|) for some non-increasing function j.

Moreover, if .J is continuous on R \ {0}, then PHI(®) implies (UJS).
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Global sharp heat kernel estimates in half spaces (Chen & K (16))

uJs

We assume (UJS) holds. i.e., there exists a positive constant ¢ such that for every
y € RY,
C

1
J(y) < J(y — z)dz whenever r < 5 ly|- (UJs)

rd Jpo,r

Note that (UJS) is very mild assumption in our setting. In fact, UJS always holds if
J(z) =< j(]z|) for some non-increasing function j.

Moreover, if .J is continuous on R \ {0}, then PHI(®) implies (UJS).

Proposition (Interior off-diagonal lower bound)

Suppose PHI(®) and (UJS) hold. For every a > 0, there exists a constant
¢ = c(a) > 0 such that

pp(t,z,y) > ctJ(xz —y)

for every (t,z,y) € (0,00) x D x D withdp(x) Adp(y) > a®~1(t) and
a® L (t) < 4|z —y).
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Condition (P)

we assume that © — p(t, z) is weakly radially decreasing in the following sense.

There exist constants ¢ > 0 and C1, C2 > 0 such that

p(t,x) < ep(Cit, Cay) fort € (0,00) and |z| > |y| > 0. (P)

Theorem

Suppose that conditions (P), (Comp), PHI(®) and (UJS) hold. Then there exist
constants a1, M, c1,c2 > 0 such that for every (t,z,y) € (0,00) x H x H

e (\/q)(éﬂi(x)) A 1) (\/q>(5ﬁtﬂ(y)) A l)p((ht, 6~ Ca(x —y)) > pu(t, z,y)

282( @(éﬁim»M)( ‘1’(5ﬂ4t1(y))/\1>><

inf pr(t/3,u,v) if|lz —y| > 4M1 D~ 1(2),
(u,v):2M @~ 1 (1) <|u—v|<Blz—y|/2
X B (5 (u) AP (S (v))>aqt
@@y~ if |z —y| < 4M &7 1(2).
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Suppose that +; is an increasing function on [0, co) with 41 (r) = 1for 0 <r <1 and
there are constants az > a2 > 0,2 > v1 > 0and g8 € [0, oo] so that

B B
a1e™M”™ < ahy(r) < age??” forevery 1 <r < oo.

Suppose that ¢ is a strictly increasing function on [0, co) with ¢1(0) =0, ¢1(1) =1
and there exist constants 0 < a3 < a4 and 0 < 81 < 2 < 2 so that

R\B1 _ ¢1(R) R\ B2
a3<7> < 1) < a4(?> forevery 0 < r < R < oo.
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B B
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#1(r)
We assume that (UJS) holds and that there are constants v > 1, k1, k2 and ap > 0
such that
d
v laolél? < > ai ;€€ < vaol]® forevery € € RY, (E)
i,j=1
and
-1 L 1 d
vy J(z) < forz e R®. (J)

(2 n () alal) = Vel () (malal)
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-1 L 1 d
vy J(z) < forz e R®. (J)

<
|| (|z])ih1 (r2]z]) = Vieldé1 (2l)er (r1J2])
Note that, (UJS) holds if k1 = k2 in (J).
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Global sharp heat kernel estimates in R?

Define
pC(t,r) =t~ Y2 exp(—r?/t).

Recall that ay is the ellipticity constant in (E). For each a > 0, we define a function
ha(t,r)on (t,7) € (0,1] x [0,00) as

aop(t,ar) + @71 () "4 A (ti(ar)) if 3€[0,1]orr € [0,1],
ha(t, ) := < texp (—a (r <log g)wil)/ﬁ A rﬁ)) if € (1,00) withr > 1,
(t/r)e" if 8=oc0withr >1;

and, for each a > 0, define a function k4 (¢,7) on (¢,7) € [1,00) x [0, 00) as
()" A [(aop® (¢, ar)) + tj(ar)] ifg=0,
2
t=4/2 exp (—a(rﬂ A TT) if 8€(0,1],

ka(t,r) := t—a/2 exp (—ar ((1 + log* g)(ﬁ—l)/ﬂ A f)) it B € (1,00),

5 t
t_d/Qexp (—ar ((1+log+ %) A %)) if B =o0.
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Global sharp heat kernel estimates in R?

Combining Chen & Kumagai (08, 10) and Chen, K & Kumagai (11, 16+) we have

Theorem

Suppose that (UJS), (E) and (J) hold. Then there are positive constants c¢;, i = 1,. . .6,
which depend on the ellipticity constant ag of (E), such that

5 they (&, |z]) < p(t,2) < cahey(t, |z|)  forevery (t,z) € (0,1] x RY,
and
e thes (t,|2]) < p(t,x) < cakeg(t,|z]) forevery (t,z) € [1,00) x RY.

In particular, the condition (P) holds.
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Theorem (Chen & K (16), To appear in Acta Applicandae Mathematicae)

Suppose that (UJS), (E) and (J) hold. Then there exist c1, ca, c3 > 0 such that for all
(t,z,y) € (0,00) x H x H,

) 2 ( W@( WM)

S healtle—gl/6) ifte (0,1),
hea(t, ko = 91/6)  ift € [1,00),

and
a2 ot ({TEE 0] ([TED )
o A hes(t.3lz—yl/2) it e (0,1),
ke (t, 3|z —y|/2) ift € [1,00).
Therefore,

pu(t, z,y) X plert, ca(z — y)) < m /\1) ( M /\1) .

Panki Kim
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Dirichlet heat kernel estimates for SBM (K & Mimica)

Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R¢ and
S = (S¢) an independent subordinator with Laplace exponent ¢. i.e.,

Ee 5t = ¢ te(M),
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R¢ and
S = (S¢) an independent subordinator with Laplace exponent ¢. i.e.,

Ee 5t = ¢ te(M),

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a C* function
such that (—1)"t1o(™ < 0foralln € N.
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R¢ and
S = (S¢) an independent subordinator with Laplace exponent ¢. i.e.,

Ee 5t = ¢ te(M),

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a C* function
such that (—1)"t1o(™ < 0foralln € N.

The subordinate Brownian motion Z = (Z;) is defined by

Zf, - VVSf.
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R¢ and
S = (S¢) an independent subordinator with Laplace exponent ¢. i.e.,

Ee 5t = ¢tV

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a C* function
such that (—1)"t1o(™ < 0foralln € N.

The subordinate Brownian motion Z = (Z;) is defined by

Z t = V[rg +

It is a large class of isotropic Lévy process. For example, if o(A) = A*/2, a € (0,2)
then Z; is the a-stable process.
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R¢ and
S = (S¢) an independent subordinator with Laplace exponent ¢. i.e.,

Ee 5t = ¢tV
Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a C* function
such that (—1)"t1o(™ < 0foralln € N.

The subordinate Brownian motion Z = (Z;) is defined by

Z, t — V[rg +

It is a large class of isotropic Lévy process. For example, if o(A) = A*/2, a € (0,2)
then Z; is the a-stable process.

&) = w(€).

The Lévy exponent of subordinate Brownian motion is 1 (
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Example

Consider a Bernstein function
1
w(A) = Alog(1 + X)

(R. Schilling, R. Song and Z. Vondracek, Bernstein functions, 2nd ed., 2012)
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Example

Consider a Bernstein function
1
w(A) = Alog(1 + X)

(R. Schilling, R. Song and Z. Vondracek, Bernstein functions, 2nd ed., 2012)

Then ¢ varies regularly at 0 with index 1 and we have
P(N) = A/ () = A/ (A + 1)
so that

1
PN g1+ ), Ao
AL ) 200 —ag Oy ~lesE 1) A
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Heat kernel estimates for Subordinate Brownian motion: Ante
Mimica, to appear in Proceedings of the London Mathematical Society

ta p(t, x) is comparable to

. 2, -
ip—](t—l)d/zefa\l\ el h

@71(t71)d/2

[tlal (e (l2l =) — 21 ~%¢'(l]2) ]

|z
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Dirichlet heat kernel estimate for subordinate Brownian motion
(Joint work with Ante Mimica, in preparation)

Let
H(r) :== ¢(r) —r¢' (1), r > 0.
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Dirichlet heat kernel estimate for subordinate Brownian motion
(Joint work with Ante Mimica, in preparation)

Let
H(r) :== ¢(r) —r¢' (1), r > 0.
If there exist c¢1,c2,p > 0 and § < 2 such that

c1 (R/r)?P < H(R)/H(r) < ca (R/r)?, 0<r<R< oo,
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Dirichlet heat kernel estimate for subordinate Brownian motion
(Joint work with Ante Mimica, in preparation)

Let
H(r) :== ¢(r) —r¢' (1), r > 0.
If there exist c¢1,c2,p > 0 and § < 2 such that
c1 (R/r)?P < H(R)/H(r) < ca (R/r)?, 0<r<R< oo,

then for all bounded C'''-domain D and T > 0, there exist
C = C(T,D) > 0,ay,ar, > 0such that for any (¢,z,y) € (0,T] x D x D,
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Dirichlet heat kernel estimate for subordinate Brownian motion
(Joint work with Ante Mimica, in preparation)

Let
H(r) :== ¢(r) —r¢' (1), r > 0.

If there exist c¢1,c2,p > 0 and § < 2 such that
c1 (R/r)?P < H(R)/H(r) < ca (R/r)?, 0<r<R< oo,

then for all bounded C'''-domain D and T > 0, there exist
C = C(T,D) > 0,ay,ar, > 0such that for any (¢,z,y) € (0,T] x D x D,

1 1
s Ly —C '
polhn) = <M t¢(1/ép(z)2)> (M t¢(1/5D(y)2)>

A S .
(I o e R ey e - yPo 07))

it Vit
polta) 2 € <1A tqs(l/sD(w)Q)) (M t¢<1/5D(y>2)>

T — 2
x (7”&_;"11 ) +¢-1(t-1)d/2exp(—aL|z—yl%—l(t-l))).
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To the memory of Ante Mimica

January 20, 1981 - June 9, 2016
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