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0 Positive self-similar Markov processes (pssMp)

Positive self-similar Markov process of index o > 0:

> strong cadlag Markov family {IP*, z € (0,00)} on the state space [0, ) -
0 being an absorbing cemetery state - such that the scaling property holds:

the law of (cZ.-a;)e>0 under P is P< (SP)

for all z,c > 0, where Z = (Z;)+>0 denotes the canonical process.



0 Positive self-similar Markov processes (pssMp)

Positive self-similar Markov process of index o > 0:

> strong cadlag Markov family {IP*, z € (0,00)} on the state space [0, ) -
0 being an absorbing cemetery state - such that the scaling property holds:

the law of (cZ.—a,)t>0 under P* is P (SP)
for all z,c > 0, where Z = (Z;)+>0 denotes the canonical process.

Lamperti representation: (Lamperti '72)

> 3 a Lévy process £ = (&:)e>0 (possibly killed with cemetery state —o0),
such that, under P? for z > 0,

Z: = exp(€a)), t>0,

where £ is started in log(z) and
Al) = (/0 exp(ags)ds) 71.

Note: To avoid technicalities we assume that the Lévy process £ is nonlattice!



0 Two regimes

Two regimes: Let To be first hitting time of zero of Z.
(R) P*(To < @) =1forall z>0 < ¢ drifts to —oo or is killed
(T) P*(To < oo)=0forall z>0 & ¢ drifts to co or oscillates
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Two regimes: Let Ty be first hitting time of zero of Z.
(R) P*(To < @) =1forall z>0 < ¢ drifts to —oo or is killed
(T) P*(To < oo)=0forall z>0 & ¢ drifts to co or oscillates

Example: Squared-Bessel processes of dimension § € R

dZ; = 2v/Z,dB; + 6dt, t < T,

self-similar of index 1 with corresponding Lévy process

> § < 2 = squared-Bessel process hits zero

> § > 2 = squared-Bessel process does not hit zero



0 Extensions?

Two questions:

(i) How to extend a pssMp after hitting 0 in the recurrent regime (R) with
an instantaneous entrance from zero?

(ii) How to start a pssMp from the origin in the transient regime (T)?
Are there extensions {P*,z > 0} with the Feller property so that in
particular P° := w- lim, o P* exists in the Skorokhod topology?

People: Barczy, Bertoin, Caballero, Chaumont, Ddring, Fitzsimmons,
Kyprianou, Pardo, Rivero, Savov, ...
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Theorem (R): (Fitzsimmons '06, Rivero '07)
In the recurrent regime the following statements are equivalent:

» 3 unique recurrent self-similar Markov extension
» 7 a self similar excursion measure with summable excursion length

> 3 X € (0,a) such that
E[e*] = 1.
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0 Extensions for pssMp

Theorem (R): (Fitzsimmons '06, Rivero '07)
In the recurrent regime the following statements are equivalent:

» 3 unique recurrent self-similar Markov extension
» 7 a self similar excursion measure with summable excursion length

> 3 X € (0,a) such that
E[e*] = 1.

Theorem (T): (Chaumont, Kyprianou, Pardo, Rivero '12, Bertoin, Savov '11)
In the recurrent regime the following statements are equivalent:

> The weak limit P° = lim, o P* exists.

> ¢ has stationary overshoots meaning that the weak limit of overshoots
O 1= w-limypoo(&r, — x)  exists,
where 7 is the first time £ enters [x, c0).

Note: As a consequence of Doney, Maller '02 the latter property can be
characterised in terms of the Lévy triplet of ¢ (integral conditions).



0 Real self-similar Markov processes

Aim: Similar results for transient regime for real self-similar Markov processes!
» What does convergence of overshoots mean in that context?
» Can one characterise the regime where overshoot distributions exist
similar as in the classical case?
Real self-similar Markov process of index o > 0:
> strong cadlag Markov family {IP*,z € R\{0}} on the state space R - 0
being an absorbing cemetery state - such that the scaling property holds:
the law of (cZ.—a,)t>0 under P* is P (SP)

for all z# 0 and ¢ > 0, where Z = (Z;);>0 denotes the canonical process.

The analogue of the Lamperti representation is based on Markov additive
processes!



0 Markov additive processes

MAP: A cadlag Markov process (&, J) is a MAP if J is a Markov chain with
finite state space E and if there exist independent iid sequences

> (fi’n)neNo of Lévy processes for i € E
> (A7;)nen of real random variables for i,j € E,

such that, if T, is the nth jump-time of J, one has

&, +£:I"T’"" ct € (Ty, Tor1 AKk),n €N
gt = €Tn* + AZT,,—JT,,’ t=T,< k7 neN
= —0 t>k

where the time k is the first time one of the Lévy processes is killed.



0 Markov additive processes

MAP: A cadlag Markov process (&, J) is a MAP if J is a Markov chain with
finite state space E and if there exist independent iid sequences

> (fi’n)neNo of Lévy processes for i € E
> (A7;)nen of real random variables for i,j € E,

such that, if T, is the nth jump-time of J, one has

&, +£:I"T’"" ct € (Ty, Tor1 AKk),n €N
gt = €Tn* + AZT,,—JT,,’ t=T,< k7 neN
= —0 t>k

where the time k is the first time one of the Lévy processes is killed.

Overshoots: A MAP is said to have stationary overshoots if the limit
W- limaﬁoo ]P)((gfg' —a, JT;') € - ‘(507 JO) = (Oa ’))

exists and does not depend on i. Here: 7, first entrance time into [a, o) X E.



0 Lamperti representation

Lamperti-Kiu representation: (Kiu '80, Chaumont et al '13)

» 3 a Markov additive process (£, J) = (&, Jt)e>0 on R x {£1} (possibly
killed with cemetery state —oo), such that, under P* for z # 0,

Z: = exp(€ar) Jace) t>0,

where (£, J) is started in (log(|z|),sgn(z)) and A(-) is as before.

Assume: £ is nonlattice and J is irreducible



0 Lamperti representation

Lamperti-Kiu representation: (Kiu '80, Chaumont et al '13)

» 3 a Markov additive process (£, J) = (&, Jt)e>0 on R x {£1} (possibly
killed with cemetery state —oo), such that, under P* for z # 0,

Z: = exp(&ae))Jac), t>0,
where (£, J) is started in (log(|z|),sgn(z)) and A(-) is as before.

Assume: £ is nonlattice and J is irreducible

Two regimes: Let Ty be the first hitting time of zero of Z.
(R) P*(To < o0) =1forall z>0 < (& J) drifts to —oo or is killed
(T) P(To<oo)=0forall z>0 & (&, J) drifts to oo or oscillates

Focus: transient regime !
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1. Under P° the process leaves 0 instantaneously (continuously).
2. The corresponding transition semigroup (P¢) on R has the Feller property.
3. The family {P? : z € R} is self similar.

Furthermore, P° is the unique distribution satisfying one of the properties (1)
or (2).



0 Main result

Theorem: (D, Déring, Kyprianou '15+) In the transient regime:

3 Feller extension {P* : z € R} <= the MAP has stationary overshoots.

More explicitly: If the MAP has stationary overshoots, then there exists an
extension {P? : z € R} that is a strong cadlag Markov family such that:

1. Under P° the process leaves 0 instantaneously (continuously).
2. The corresponding transition semigroup (P¢) on R has the Feller property.
3. The family {P? : z € R} is self similar.
Furthermore, P° is the unique distribution satisfying one of the properties (1)
or (2).
Rem:
» The distribution P° admits a potential theoretic interpretation.

» A characterisation of stationary overshoots is valid in the spirit of Doney
and Maller.
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0 Roadmap

Roadmap:
1. Definition of a candidate P°
2. Verification of

0 .
P = w- limy_o P*

3. Characterisation of stationary overshoots

ad 1: based on potential theory (Kuznestov measure, quasi-process)

ad 2: based on a technical lemma and fluctuation theory (potential measure of
ascending ladder hight process)

ad 3: similar criterion as in Doney, Maller '02

We defer the discussion of one and start with steps two and three.

If time permits, we will state the theorem in the language of potential theory.



Verification of P? = w- lim,_,q P~



| Convergence lemma

Q: Once we defined a law P°, how can we verify that it is the right one?

Convergence lemma: Let {P? : z € R\{0}} be a strong cadlag Markov family
and P° a law on the Skorokhod space. Suppose

and

Then the mapping
R>zw—P*

is continuous in the weak topology on the Skorokhod space.
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| Convergence lemma

Q: Once we defined a law P°, how can we verify that it is the right one?

Convergence lemma: Let {P? : z € R\{0}} be a strong cadlag Markov family
and P° a law on the Skorokhod space. Suppose

(1a) lime—olimsup, o E*[T:] =0

(1b) w-lim,—oP*(Z7, € -) =: pe(-) exists for all e > 0

(1c) R\{0} > z +— P* is continuous (weak topology on Skorokhod space)
and

(2a) P -almost surely, Zo =0 and Z; # 0 for all t > 0

(2b) P°((Z7.+¢)e>0 € ) = PH<(.) for every £ > 0

Then the mapping
R>zw—P*

is continuous in the weak topology on the Skorokhod space.



| Verification of properties (1a)-(1c)

(1a) lime—0 lim sup, oEf[T]=0

z|—

The proof is based on fluctuation theory which can be developed for MAPs in
analogy to the Lévy case.
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| Verification of properties (1a)-(1c)

(1a) lime—olimsup, o E*[T:] = 0

The proof is based on fluctuation theory which can be developed for MAPs in
analogy to the Lévy case.

Using the Lamperti representation one obtains

z a T —ay [
s 3 B [ e )

joke{%1} Tsgn(z) le{%1}

/ ealoxle/120=2) U ()
[0,log(=/I<])]

in terms of the potential measure U, (Uf,) of the ascending (descending)
Markov additive ladder height process of &.

The integrals are finite and the key renewal theorem (for MAPs) yields
convergence of the latter integral.



| Verification of properties (1a)-(1c)

(1b) w-lim,—oP*(Z7. € ) =: pe(-) exists for all e > 0

By the Lamperti-Kiu representation this is equivalent to the MAP having
stationary overshoots.



| Verification of properties (1a)-(1c)

(1b) w-lim,—oP*(Z7. € ) =: pe(-) exists for all e > 0
By the Lamperti-Kiu representation this is equivalent to the MAP having

stationary overshoots.

(1c) R\{0} > z — P? is continuous (weak topology on Skorokhod space)

Consequence of the Lamperti-Kiu representation.



Criterion for stationary overshoots



Il Criterion for stationary overshoots

Q: When does a MAP (&, J) has stationary overshoots?

Theorem: (D, Doring, Kyprianou '15+) The MAP has stationary overshoots,
if &1 has finite absolute moment and either of the following holds:

(i) (&,J) drifts to +00
(ii) (&, J) oscillates and

o0 x MN([x, 00)) e < oo
/1 1—|—foxfy°o N((—o0, —2]) dzdyd <0 (TO)

where I1 is the measure

n=>% M+ > LAy,

i€k

i—j
pos. trans. of J

and M; denotes the Lévy measure of £"" from the Lamperti representation.
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One proves the following statements:

It suffices to characterise the case where (&, J) has tight overshoots (thanks to
fluctuation theory).
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Il Idea of the proof

One proves the following statements:

It suffices to characterise the case where (&, J) has tight overshoots (thanks to
fluctuation theory).

The overshoots are tight if and only if the overshoots of (&,,)nen are tight with
(on) denoting the return times of J to a fixed state i.

Case (i) is equivalent to (&-,) converging to co and case (ii) is the case where
(&5,) is a martingale.

In Case (ii), Doney, Maller '02 yields that (£-,) has tight (stationary)
overshoots, if the integral condition (TO) is satisfied for I being the
distribution of an increment of the random walk.

A close inspection of the property (TO) shows that it is quite robust: it is
preserved by L2-perturbations and behaves well for summands as they appear in
one cycle from state i to i.



Construction of PY



[l Kuznetsov measure

We use results from potential theory. To explain these let

> (P:) be a Feller semigroup on a locally compact space E

> W the set of all functions w : R — E U {9} (9 denoting a cemetery state)
such that there exist a(w) < B(w) with

> w is E-valued and cadlag on (a(w), B(w))
> W),y =9
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Kuznetsov measure

We use results from potential theory. To explain these let

> (P:) be a Feller semigroup on a locally compact space E

> W the set of all functions w : R — E U {9} (9 denoting a cemetery state)
such that there exist a(w) < B(w) with

> w is E-valued and cadlag on (a(w), B(w))
> W),y =9

Kuznetsov measure: For a family of o-finite measures (7:):cr on E with
NsP:—s < n: for s < t (entrance rule) there exists a o-finite measure Q,, on W
such that forall to < ... < t,

Qn(a(Y) <to, Yy, € dxo, ..., Yz, € dxn, tn < B(Y))
= nfo(dXO)PH*fo(XW Xm) s Ptn*tn—l(X”*]J an).
Application: For the MAP an invariant measure is given by m(dx, i) = dxm;

and the Kuznetsov measure for 7 = m is denoted by Qnap. One has

a=—o0, Ouap-a.e.



Lamperti-like time changes

Random time change: Suppose that h: E — (0, 00) is locally bounded and
measurable and set for w € W with f( h(ws)ds < oo forau>«

]
A = (/w h(Yz) ds)il.

Time changed semigroup: (I5t) given by
Pef(x) = EX[F(Ya,)],

where paths (Y;)¢>0 are interpreted as elements of Wy = {a =0} C W.
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lIl Construction of P° via Kaspi '88
Thm: (Kaspi '88) Suppose that m is a (P;)-invariant measure and that

/ h(Ys)ds < co, Qm-a.e.
(1]

There is a Kuznetsov measure O supported on Wy = {a = 0} such that

O(- N{B>t})=Qm(n(Y) € -, 0< A <),

Ya, t>0,
W(Y)t:{ A

where

0, t <0.

Application: Choose h(x, ) = e®* and apply the theorem onto the MAP
(restrict attention to the case where the MAP drifts to infinity)

> integral finite? (a Qmap-process backwards in time is adjoint MAP)
> Y! 5 —co as t | —oo, Qumap-a.e. = same true for t | 0, O-a.e.

» O is a finite measure and its normalisation is P° (tightness of overshoots)
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IIl The bigger picture
Assume that the (P;)-Markov process is transient
There is a one-to-one correspondence between the following objects
1. excessive measures, i.e., measures m with mP; < m for all t > 0

2. shift invariant Kuznetsov measures Q

3. quasi-processes, i.e., certain measures P on the o-field G containing all
shift invariant measurable sets of W

1<2: The link is given by choosing 7: = m in the construction of the
Kuznetsov measure.

243: In terms of a stationary time S: W — R, i.e., S(0:w) = S(w) — t, one

has
P(A) = Q(Y € A, S €[0,1)).
Further -
Q(A) = / /_ 14(Os(w)+(w)) dt dP(w).
3=1:

m(A) = / /( o T L P)
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[Il Kaspi's result in the language of potential theory

Q: How to recover Kaspi's result with the concepts from the previous slide?

For an excessive measure m we denote by P, the corresponding quasi-process.

Doing the time change we end up with a quasi-p[ocess P with
m(dx) = h(x) m(dx). Kaspi's assumption gives Ps(ov = —o0) = 0.

The Kuznetsov measure Q = 75”7 o (904)71 agrees with the respective measure
in Kaspi's theorem.
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IV Conclusion /summary

Ref:

The correspondence between self-similar extensions and stationary
overshoots prevails in the transient R-valued case.

There is a characterization of stationary overshoots for MAPs similar to
the one in Doney and Maller.

The measure P? is a normalised quasi-process with birth time set to zero.

Under the assumption of stationary overshoots, all sequences (x,) with
limit zero are Cauchy in the Martin topology and the limit point is
extremal and corresponds to a finite quasi-process supported on

{a > —o0}.

In the recurrent case one obtains analogous statement holds with the limit
corresponding to the excursion measure.

Real self-similar processes started from the origin. D, Déring, Kyprianou '16+



