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Introduction

Let Xt be an isotropic unimodal Lévy process that means that the

Lévy measure is ν(|x |)dx , where

ν : (0,∞) 7→ [0,∞) and ν − non-increasing.

Hence

Ee iξXt =

∫
Rd

e iξzp(t, z)dz + P(Xt = 0) = e−tψ(ξ), ξ ∈ Rd ,

where the Lévy-Khintchine exponent is equal

ψ(ξ) =

∫
Rd

(1− cos(ξz))ν(|z |)dz + σ|ξ|2, ξ ∈ Rd ,

for some σ ≥ 0.

Important property: p(t, ·) is radial non-increasing function for

every t > 0.
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Examples

Let ϕ(λ) = σλ+
∫∞
0

(1− e−λs)µ(ds) (a Bernstein function).

Then ψ(ξ) = ϕ(|ξ) is the Lévy-Khinchine exponent of a

subordinated Brownian motion.

Let α ∈ (0, 2]

ψ(ξ) = |ξ|α;
ψ(ξ) = (|ξ|2 + 1)α/2 − 1;

ψ(ξ) =
(
log(1 + |ξ|2)

)α/2
;

ν(r) = r−d−α1(0,1)(r).
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Estimates

Example: ψ(ξ) = |ξ|α, α ∈ (0, 2). We have

p(t, x) ≈ t−d/α ∧ t

|x |d+α
.

What we see

t−d/α =

[(
1

t

)1/α
]d

=

[
ψ−1

(
1

t

)]d
.

And

t

|x |d+α
=

tψ
(

1
|x |

)
|x |d
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p(t, x) ≈
[
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(
1

t
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∧
tψ
(

1
|x |

)
|x |d
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Known results

If we know a density ν and σ = 0 it is known (Chen, Kim,

Kumagai) that if

cλ−d−βν(r) ≤ ν(λr) ≤ Cλ−d−αν(r), r > 0, λ > 1

for some 0 < β ≤ α < 2 the appropriate estimates hold.

Since

ψ(x) =

∫
(1− cos(xz))ν(|z |)dz

we have

cλβ1ψ(r) ≤ ψ(λr) ≤ Cλβ2ψ(r).
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Estimates

Let ψ∗(u) = sup0≤r≤u ψ(r).

We have ψ(u) ≤ ψ∗(u) ≤ π2 ψ(u). Hence ψ is almost increasing.

Theorem (Bogdan-TG- Ryznar (2014))

Assume that there are α, β ∈ (0, 2) such that

cλβψ(ξ) ≤ ψ(λξ) ≤ Cλαψ(ξ), λ ≥ 1, |ξ| > R.

Then there is a > 0 such that, for t, |x | < a

pt(x) ≈ [ψ−1(1/t)]d ∧ tψ(1/|x |)
|x |d
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Strong ratio limit

Example:

For ψ(ξ) = |ξ|α we have

p(t, x) = t−d/αp(1, xt−1/α) = t−d/αp
(
1, (tψ(1/|x |))−1/α

)
.

That is p(t, 0) = t−d/αp(1, 0) and
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p(t, 0)
=

p
(
1, (tψ(1/|x |))−1/α

)
p(1, 0)

Hence
p(t, x)

p(t, 0)
−→ 1, if tψ(1/|x |)→∞.
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Strong ratio limit

Proposition (Cygan-TG-Trojan)

Assume that there exist β, c > 0 such that

ψ(λξ) ≥ cλβψ(ξ), λ ≥ 1, ξ ∈ Rd .

Then

p(t, x)

p(t, 0)

tψ
(

1
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)
→ ∞

−−−−−−−−→ 1.

We have

p(t, 0) = (2π)−d
∫

e−tψ(ξ)
dξ.
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Regular variation

De�nition

f ∈ R∞α if

f (λr)

f (r)
r→∞−−−→ λα, for all λ > 0.

f ∈ R0
α if

f (λr)

f (r)
r→0+

−−−→ λα, for all λ > 0.

Examples:

f (r) = rα ∈ R0
α ∩R∞α , α ∈ R

f (r) = log(1 + rβ) ∈ R0
β ∩R∞0 , β ≥ 0

f (r) = rα logγ(1 + rβ) ∈ R0
α+γβ ∩R∞α , α, γ ∈ R, β ≥ 0.
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Proposition

If ψ ∈ R∞α for some α > 0 then

p(t, 0)[
ψ−1

(
1
t

)]d t→0+

−−−→ C (d , α).

If ψ ∈ R0
α for some α > 0 and e−t0ψ ∈ L1 for some t0 > 0

then
p(t, 0)[
ψ−1

(
1
t

)]d t→∞−−−→ C (d , α).

Example:

For ψ(ξ) = |ξ|α logα(1 + |ξ|α), α ∈
(
0, 23
]
, we have

td/α logd(t)p(t, 0)
t→0+

−−−→ C (d , α).
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Small tψ

Pólya, Blumenthal-Getoor proved for ψ(ξ) = |ξ|α, α ∈ (0, 2),

|x |d+αp(1, x)
|x |→∞−−−−→ A(d , α).

Recall that

p(t, x) = t−d/αp
(
1, xt−1/α

)
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=
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t
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Small tψ and α ∈ (0, 2)

Theorem (Cygan-TG-Trojan)

If ψ ∈ R∞α , for some α ∈ (0, 2) then

|x |dp(t, x)
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Lemma

Let ν(r) = r−dg(r−1) and α ∈ (0, 2).

If g ∈ R∞α , then ψ ∈ R∞α .

If g ∈ R0
α, then ψ ∈ R0

α.

Example:

Let ν(r) = r−d−α logβ(1 + eβ + r), for α ∈ (0, 2), β ≥ 0. Then

p(t, x)

t|x |−d−α logβ |x |
t|x |−α logβ |x |→0−−−−−−−−−−→

|x |→∞
1
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Theorem (Cygan-TG-Trojan)

The following are equivalent

ψ ∈ R∞α , for some α ∈ (0, 2).

|x |dp(t, x)

tψ
(

1
|x |

) tψ
(

1

|x|

)
→0

−−−−−−−→
x→0

C > 0.

|x |dν(|x |)

ψ
(

1
|x |

) x→0−−−→ C > 0.

Similar result holds also for R0
α.

Question: what with α = 0 and α = 2?

For α = 2 see paper by Mimica and Kim (preprint 2016).
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Example

Let ψ(ξ) = log(1 + |ξ|β), β ∈ (0, 2]. Then

p(t, x) ≈ t|x |βt

|x |d
, for t, |x | small.

Observe

e
−tψ

(
1

|x|

)
=

(
1 +

1

|x |β

)−t
≈ |x |βt , for |x | small.

And

ψ

(
e

|x |

)
− ψ

(
1

|x |

)
= log

(
|x |β + eβ

|x |β + 1

)
≈ 1, for |x | small.

Hence

p(t, x) ≈ t

(
ψ

(
e

|x |

)
− ψ

(
1

|x |

))
|x |−de−tψ

(
1

|x|

)
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Slowly varying symbols, ψ ∈ R0

De�nition

f ∈ Π∞` , for ` ∈ R∞0 if

f (λr)− f (r)

`(r)
r→∞−−−→ log λ, for all λ > 0.

f ∈ Π0
` , for ` ∈ R0

0 if

f (λr)− f (r)

`(r)
r→0+

−−−→ log λ, for all λ > 0.

For instance ψ(ξ) = log(1 + |ξ|β), β ∈ (0, 2]. We have

ψ(λr)− ψ(r) = log

(
1 + (λr)β

1 + rβ

)
r→∞−−−→ β log λ.

Hence ψ ∈ Π∞` with ` ≡ β.
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Asymptotics α = 0

Theorem (TG-Ryznar-Trojan)

Let ` ∈ R∞0 and ψ ∈ Π∞` . Then

|x |dp(t, x)
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Asymptotics α = 0

Theorem (TG-Ryznar-Trojan)

Let ` ∈ R∞0 . The following are equivalent

ψ ∈ Π∞` .
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Similar result holds also for Π0
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Recall that for ψ(ξ) = log(1 + |ξ|β), β ∈ (0, 2] we have
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|x |d
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Estimates

Let ψ ∈ Π∞` for ` ∈ R∞0 and ` be bounded. We have
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1
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)
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1

|x |
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1
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e
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|x|
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, t,

(
tψ

(
1

|x |
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Proposition (TG-Ryznar-Trojan)

There exist c , C such that for any non-increasing ν

p(t, x) ≥ Ctν(|x |)e−ctψ
(

1

|x|

)
, t > 0, x ∈ Rd .
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Summary

Let ν ∈ R0
−d−α, α ∈ [−d , 2].

α ψ HK

(0, 2) R∞α p(t, 0) ∧ tψ(|x |−1)|x |−d

0 Π∞` t`(|x |−1)|x |−de−tψ(|x |−1)

[−d , 0) bdd tν(|x |)

2 ??? p(t, 0) ∧ (∗)

where

(∗) = t
(
ψ(|x |−1 − (2|x |)−1ψ′(|x |−1)

)
|x |−d+p(t, 0)e−c(|x |ψ−1(1/t))2 .
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Bounded ψ

We have

p(t, x) = e−tN(Rd )
∞∑
k=1

tk

k!
N∗k(x)

= e−tN(Rd )tν(|x |)

(
1 + t

∞∑
n=0

tn

(n + 2)!

N∗(n+2)(x)

ν(|x |)

)
.

Hence, for t and |x | small we have

p(t, x) ∼ tν(|x |).
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Example

Let ψ(ξ) = log(1 + |ξ|α), α ∈ (0, 2).

Then, for t < 3d/α,

p(t, x) ≈


t|x |−d−α, |x | ≥ 1,

t min
{
log(2|x |−α), (t − d/α)−1

}
, |x | < 1, t > d/α,

t(log(2|x |−α) + |x |αt−d), |x | < 1, t ∈ (0, d/α].

And for t ≥ 3d/α,

p(t, x) ≈ min
{
t−d/α, t|x |−d−α

}
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Green function

Let

G (x) =

∫ ∞
0

p(t, x)dt.

Riesz potential, ψ(ξ) = |ξ|2s ,

G (x) = c|x |2s−d =
c

|x |dψ (|x |−1)
.

Theorem

Suppose d ≥ 6. Then

lim
x→0

G (x)

|x |−dψ(|x |−1)−1
= c > 0, (1)

if and only if ψ ∈ R∞α , for some α > 0. In particular, (1) implies

that

c = 2−απd/2
Γ ((d − α)/2)

Γ (α/2)
.
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Recall

Theorem (TG-Ryznar-Trojan)

Let ` ∈ R∞0 and ψ ∈ Π∞` . Then

|x |dp(t, x)

t`
(

1
|x |

) tψ
(

1

|x|

)
→0

−−−−−−−→
x→0

Γ(d/2)

2πd/2
.

Let

Ut(r) = P
(
0 < |Xt | ≤

√
r
)

=
2πd/2

Γ(d/2)

∫ √r
0

ud−1p(t, u) du.
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Ut(r) =
2πd/2

Γ(d/2)

∫ √r
0

ud−1p(t, u) du.

We observe that by the Tonelli's theorem

λLUt(λ) =

∫
Rd

e−λ|x |
2

p(t, x) dx .

= (4π)−d/2
∫
Rd

e−tψ(ξ
√
λ)e−|ξ|

2/4
dξ − P

(
|Xt | = 0

)
=

21−d

Γ(d/2)

∫ ∞
0

e−tψ(r
√
λ)e−r

2/4rd−1 dr − P
(
|Xt | = 0

)
Let

Qt(r) =
2πd/2

Γ(d/2)

∫ √r
0

ud+1p(t, u) du,

Then

L{dUt}(s−1) =

∫ s

0

L{dQt}(r−1)r−2 dr .
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Theorem (TG-Ryznar-Trojan)

Let {Qt : t ≥ 0} be a family of non-decreasing and non-negative

functions on [0,∞) such that there are two families of positive

functions {qt : t ≥ 0} and {wt : t ≥ 0} satisfying

λL{dQt}(λ)

qt(λ)

wt(λ)→0−−−−−→
λ→∞

1.

We assume that there is ρ ≥ 0,

qt(λx)

qt(x)

wt(x)→0−−−−−→
x→∞

λρ, λ > 0.

+ some additional conditions

Then
Qt(r)

rqt(r−1)

wt(r−1)→0−−−−−−−→
r→0

1

Γ(ρ+ 2)
.
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Theorem (Cygan-TG-Trojan)

The following are equivalent

ψ ∈ R∞α , for some α ∈ (0, 2).
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1
|x |

) x→0−−−→ C > 0.
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Observe

ψ(r) =

∫ ∞
0

k(ρ−1r)ρ−dν
(
ρ−1
)
ρ−1 dρ

where σ denotes the spherical measure on the unite sphere Sd−1 in

Rd , and

k(r) =

∫
Sd−1

(
1− cos(r〈u0, u〉)

)
σ(du).

Let us recall the de�nition of the Mellin convolution. For

f , g : [0,∞)→ C

M(f , g)(x) =

∫ ∞
0

f
(
t−1x

)
g(t)t−1 dt.

Then, by setting f (r) = r−dν
(
r−1
)
, we may write

ψ(r) =M(k , f )(r).
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where

f (r) = r−dν
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r−1
)

Hence

c = lim
x→0

ν(|x |)
|x |−dψ

(
|x |−1

) = lim
r→0

f (r)

M(k , f )(r)

Next we checked assumptions of Drasin-Shea Theorem and applied

it to get the claim.



ψ(r) =M(k , f )(r).

where

f (r) = r−dν
(
r−1
)

Hence

c = lim
x→0

ν(|x |)
|x |−dψ

(
|x |−1

) = lim
r→0

f (r)

M(k , f )(r)

Next we checked assumptions of Drasin-Shea Theorem and applied

it to get the claim.



References

R.M. Blumenthal and R.K. Getoor, Trans. Amer. Math. Soc.

95 (1960).

K. Bogdan, T. Grzywny, and M. Ryznar, J. Funct. Anal. 266

(2014).

Z.-Q. Chen, P. Kim, and T. Kumagai. Trans. Amer. Math.

Soc., 363 (2011).

Z.-Q. Chen and T. Kumagai. Probab. Th. Related Field, 140

(2008).

D. Drasin and D.F. Shea, J. Analyse Math. 29 (1976).

Cygan, W., Grzywny, T., Trojan, B., Asymptotic behavior of

densities of unimodal convolution semigroups, Appear in

Trans. Amer. Math. Soc.

Grzywny, T., Ryznar, M., Trojan, B., Asymptotic behaviour

and estimates of slowly varying convolution semigroups, arxiv:

1606.04178.

Kim, P., Mimica, A., Asymptotical properties of distributions

of isotropic Lévy processes, arxiv: 1605.03737.



Thank you.


