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Introduction

Let X; be an isotropic unimodal Lévy process that means that the
Lévy measure is v(|x]|)dx, where

v:(0,00) — [0,00) and v — non-increasing.
Hence
Ee/¢X — / e'Zp(t,z)dz +P(X; = 0) = e W) ¢eRd,
Rd

where the Lévy-Khintchine exponent is equal

v = [ (1= cos(ée)olla)dz + ol ¢ R

for some o > 0.
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W) = [ (1= cos(ee)ullz)dz + ol € R

for some o > 0.

Important property: p(t,-) is radial non-increasing function for
every t > 0.




Let ¢(A) = oA+ [;°(1 — e™**)u(ds) (a Bernstein function).

Then (&) = p(|€) is the Lévy-Khinchine exponent of a
subordinated Brownian motion.
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What we see

And
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Known results

If we know a density v and o = 0 it is known (Chen, Kim,
Kumagai) that if

APy <v(Ar) < CATIT(r), r>0,A>1

for some 0 < B < a < 2 the appropriate estimates hold.
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If we know a density v and o = 0 it is known (Chen, Kim,
Kumagai) that if

APy <v(Ar) < CATIT(r), r>0,A>1

for some 0 < B < a < 2 the appropriate estimates hold.

Since

vl) = (1= cost)(lz])z

we have

cNP1p(r) < h(Ar) < CNP2e(r).
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Estimates

Let 1*(u) = supg<, <, ¥(r).

We have 9(u) < *(u) < 72 1)(u). Hence v is almost increasing.

Theorem (Bogdan-TG- Ryznar (2014))
Assume that there are o, 8 € (0,2) such that

Np(€) <P(AE) < CX*P(E), A>1,[¢| >R

Then there is a > 0 such that, for t, |x| < a

pel) ~ /o) A )

x|




Strong ratio limit
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For ¥(§) = [£|* we have

p(t.x) = €9/ p(Lxe V%) = £/ (1, (e(1/x])) )
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Hence

1, i tp(1/]x]) — oo
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Proposition (Cygan-TG-Trojan)
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P(AE) > cAPP(€), A>1,£eRY
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Assume that there exist 3, ¢ > 0 such that
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p(t,0)
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Strong ratio limit

Proposition (Cygan-TG-Trojan)

Assume that there exist 3, ¢ > 0 such that
P(AE) = AP(€), A=1,EeR7

Then
p(t,x) ()= o
p(t,0)

1.

We have
p(t,0) = (27) / GRS
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Proposition
o Ifip € RY for some aw > 0 then

,0 t—0"
T

o If) € R for some a > 0 and e~ % € L for some ty > 0
then

p(t, O) t—o0
TETE T




o Ifip € RY for some aw > 0 then

p(t,O) t—07" C(d,a)

_ d
[ (3)]
o If) € R for some a > 0 and e~ % € L for some ty > 0
then 0
P£,0)  emoo C(d, ).
[ (3)]°
t v
Example:

For (&) = [€]* log™(1 + [€]*), a € (0, 3], we have

£/ 10g% () p(t,0) =% C(d, ).
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Small te

Pélya, Blumenthal-Getoor proved for (&) = [£|%, « € (0,2),

|x]—o00

x| p(1, x) A(d, @).

Recall that
plt.x) = t74/p (1,77

1/«
SPRCEIE) R (R
tl/o t teh (ﬁ)

Equivalently ti (ﬁ) — 07. Hence

That is

b p(t,x) = (\x|t—1/“>d+ap (l,xt—l/a) t_d)(‘%‘_ho

v ()

A(d, a).



Small t¢) and a € (0, 2)

Theorem (Cygan-TG-Trojan)
o Ify € RS, for some o € (0,2) then

Ix|9p(t, x) t¢()-0
top <|)17|) x—0

> A(d, a).




Small ty) and a € (0,2)

Theorem (Cygan-TG-Trojan)
o Ify € RS, for some o € (0,2) then

Ix|9p(t, x) t¢()-0
top <|)17|) x—0

o If1) € RY, for some a € (0,2) then

> A(d, a).

Ix|7p(t, x) ()0
t1) <|)17|) |x|—o0

» A(d, a).




Let v(r) = r=9g(r 1) and o € (0, 2).
o Ifg € R, then o) € R.
o Ifg € RY, then v € RY.




Let v(r) = r=9g(r 1) and o € (0, 2).
o Ifg € R, then o) € R.
o Ifg € RY, then v € RY.

Example:
Let v(r) = r 9 *log’(1 + e 4 r), for a € (0,2), 8 > 0. Then

p(t, x) t|x| = log? |x|—0

t|x|~9= log? | x| |x|—o00
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o
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1 x—0 C = 0'
i (m)
()
X 9v(xl) xo0, o g
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The following are equivalent
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Ix|p(t, x) ()0
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Similar result holds also for RY.
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Theorem (Cygan-TG-Trojan)
The following are equivalent
e i) € RY, for some a € (0,2).

Ix|p(t, x) ()0
tw (ﬁ) x—0

[X|7v(Ix]) x-0

¥ (%)

Similar result holds also for RY.

> C > 0.

> C > 0.

Question: what with o =0 and o = 27

For a = 2 see paper by Mimica and Kim (preprint 2016).



Let 1(¢) = log(1 + €]°), B € (0,2]. Then
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Observe

(L 1\°f
e w(\x\) = (1 + ) ~ |x|Pt, for |x| small.
X



Let 1(¢) = log(1 + €]°), B € (0,2]. Then

X

p(t,x) ~ LR for t, |x| small.
Observe
(L 1\ °°f
e () _ 1+ ~ |x|Pt, for |x| small.
|x|#
And



Let 1(¢) = log(1 + €]°), B € (0,2]. Then

t[ x|t
p(t,x) ~ “;‘d , for t, x| small.

Observe
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Slowly varying symbols, 1 € Ry

° fel_lt?o,forﬁe'RSOif

f(Ar) —f(r) ro

10 log A\, forall A > 0.

° fel'lg,forEERgif

f(Ar) —f(r) r—ot
((r)

For instance 1(¢) = log(1 + [£]°), B € (0,2]. We have

> log A, forall A > 0.

r B r—o00
B(Ar) — () = log (1 * ) ) Blog .

Hence ¢ € MN7° with ¢ = 3.



Asymptotics o = 0
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Theorem (TG-Ryznar-Trojan)

o Let { € Rg° and +p € M7°. Then

Ix|9p(t,x) ()0 T(d/2)
w(y) o0

Ix]




Asymptotics o = 0

Theorem (TG-Ryznar-Trojan)

o Let { € Rg° and +p € M7°. Then

xIp(t,x) ()0 T(d/2)
tl <|X|> x—0 27Td/2

o Let { € Ry and v € I_Ig. Then

Ix|7p(t, x) t(37)=0 T(d/2)

<|;> IXlsoo  2md/2




Asymptotics o = 0

Theorem (TG-Ryznar-Trojan)

Let ¢ € Ry°. The following are equivalent

e ¢ e NF.
°
dp(t (2 ) =0
LG (i .)0 c-o
X—
tl (W)
°
X(1) <0,
‘()
Ix]
In particular C = rz(:c,/ /22).

Similar result holds also for I_Ig.



Recall that for (&) = log(1 + [£]?), 8 € (0,2] we have
gt
p(t,x) ~ t|‘XX||d, for t, |x| small.

By the above theorem

t
p(t,x) ~ CW, x — 0 and |x|%t — 1.

Observe that p(t,0) = co and e~ ¢ L1



On diagonal

Theorem (TG-Ryznar-Trojan)
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Theorem (TG-Ryznar-Trojan)
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P(t,X) tiﬁ(ﬁ)%oo r(d/2)
t|x|—d¢ (L) e—w(ﬁ) t—0 od/2

Ix]




On diagonal

Theorem (TG-Ryznar-Trojan)
Let vp € T1° for £ € Ry and ¢ be bounded. Then

P(t,X) tiﬁ(ﬁ)%oo r(d/2)
t|x|—d¢ (L) e—w(ﬁ) t—0 od/2

Ix]

Hence, for 1(¢) = log(1 + €]°), B € (0,2] we have

t|x|t

X
t,x)~ C
p(t,x) LR

t — 0 and |x|°* — 0.



On diagonal

Theorem (TG-Ryznar-Trojan)

Let vp € T1° for £ € Ry and ¢ be bounded. Then

P(t,X) tiﬁ(ﬁ)%oo r(d/2)
t|x|—d¢ (L) e—w(ﬁ) t—0 od/2

Ix]

Hence, for 1(¢) = log(1 + €]°), B € (0,2] we have

t|x|5t
p(t,x) ~ C ||X||d , t—0and |x|’t = 0.
X

Remark: If £ — oo at infinity then p(t,0) < co.



Let ¢» € M7° for £ € RF° and £ be bounded. We have

ple) ~ e () e () <
And
p(t,x) ~ t|x|~9¢ <|)1<‘> e‘tw(\%>, t, <tw <|X1|>>1 <e.



Let ¢» € M7° for £ € RF° and £ be bounded. We have

ple) x40 () e () <=

And

p(t,x) ~ t|x|~9¢ <|1‘> _w(%>, t, <tw <|X1|>>1 <e.

Proposition (TG-Ryznar-Trojan)

There exist c, C such that for any non-increasing v

1
p(t,x) > Ctl/(]X|)efcw(W), t>0,xeR?




Lemma (TG-Ryznar-Trojan)

Let ¢p € Mg° for £ € RY and £ be bounded. Then there is C > 0
such that,

p(t,x) < t|x|~ d£< L ) _w(%), t,|x| small.




Lemma (TG-Ryznar-Trojan)

Let ¢p € Mg° for £ € RY and £ be bounded. Then there is C > 0
such that,

p(t,x) < t|x|~ dE( L ) _w(%), t,|x| small.

Hence

Theorem (TG-Ryznar-Trojan)

Let vp € Ty° for £ € Ry and ¢ be bounded.
Then

p(t, x) ~ t|x|~9¢ (’ ‘) _“p(ﬁ), t,|x| small.
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Let v eRY, , a€[-d,2]

« P HK

(0,2) | R | p(t,0) A tih(|x|~H)|x|~

0 Moo | (x| 1) |x|~detv(xI™)

[~d,0) | bdd tv(|x|)




Let v eRY, , a€[-d,2]

« P HK

(0,2) | R | p(£,0) A tos(|x 1) |x|~
0| M| e(|x| Y|t

[~d,0) | bdd tv(|x|)

2 | p(t,0) A (x)

where

(+) =t (0(Ix|71 = Ix)) 72 (Ix17Y) x|~ +p(t, 0)e <X THA/D),



Bounded ¢

We have

ook
p(t,x) = e"NE) > %N*k(x)
k=1""

d 0o n (n+2)
_ o tN(R )tI/(|XD (1 + tz (n—t|—2)| NV(—;—X‘)( )> .
n=0 '




Bounded v

We have
—tN(RY) —
p(t,x):e ZFN (X)
k=1
o0 n N*(n+2)(X)
= e tNE) () <1 + tz ! .
—(n+2) v(|x])

Hence, for t and |x| small we have

p(t, x) ~ tu(x]).



Let (&) = log(1 + [£]%), a € (0,2).
Then, for t < 3d/a,

x|, x| > 1,
p(t.x) ~ { tmin {log(2|x| =), (t — d/a) 1}, |x| <1, t > d/a,
t(log(2|x|~*) + |x]at*d), x| <1, t € (0,d/al.



Let 9(£) = log(1 + [¢]%), a € (0,2).

Then, for t < 3d/a,

x|, x| > 1,
p(t.x) ~ { tmin {log(2|x| =), (t — d/a) 1}, |x| <1, t > d/a,
t(log(2|x|~*) + |x]at*d), x| <1, t € (0,d/al.

And for t > 3d/a,

p(t,x) ~ min {t*d/o‘, tx| =97},
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Green function

Let .
6() = [ bt
Riesz potential, (&) = |€]%5,
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Green function

Let

Riesz potential, (&) = |€]%5,

G(x) = c|x[*79 =

- °
x| (x| 71)

Theorem

Suppose d > 6. Then

lim G(x)
x=0 [x|~9y(|x|71)

,1:C>O) (1)

if and only if ¢ € RS, for some o > 0. In particular, (1) implies

that
¢ = g-agpdl ((d—=2)/2)
M (a/2)
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Let { € R§° and ¢ € M7°. Then
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Theorem (TG-Ryznar-Trojan)

Let ¢ € R and ¢ € NZ°. Then

Ix|9p(t,x) #(f)=0 T(d/2)
+0 (L) x—0 2d/2

Ix]
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Theorem (TG-Ryznar-Trojan)

Let ¢ € R and ¢ € NZ°. Then

Ix|9p(t,x) #(f)=0 T(d/2)
+0 (L) x—0 2d/2

Ix]

Let







NG
Ue(r) = F2(d/2) /0 u?p(t, u) du.

We observe that by the Tonelli's theorem

)\L’Ut()\):/ e*)“x‘zp(t,x) dx.
Rd

21—d 0o . )
_ —tp(rvVA) ,—r? /4 d—1 dr —P(I1X.| =0
r(d/2) /s e e r r (| t] )




NG
Ue(r) = F2(d/2) /0 u?p(t, u) du.

We observe that by the Tonelli's theorem

)\L’Ut()\):/ e*)“x‘zp(t,x) dx.
Rd

21—d fe'e)
=ty ), e (X = 0)
Let 0 s
2 r
Q) = g [ el u)
Then

L{dU}(s7Y) = /05 L{dQ:}(r Hr2dr.



Theorem (TG-Ryznar-Trojan)

Let {Q: : t > 0} be a family of non-decreasing and non-negative
functions on [0, 00) such that there are two families of positive
functions {q; : t > 0} and {w; : t > 0} satisfying

AL{dQ:}(N) we(A) =0,

1.
qt()\) A—00
We assume that there is p > 0,
qt(/\X) wt(x)—0 )\p’ > 0.

qt(X) X—$00

+ some additional conditions

Then
Qt(r) we(r=1)—0 1

rqe(r—1) r—0 Mp+2)
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The following are equivalent




Recall
Theorem (Cygan-TG-Trojan)
The following are equivalent
e 1) € R, for some « € (0,2).

o
d (& ) =0
1%p(t.) (i .>0 coo
X—>
w ()
o
Xr() xo0, o o

v (%)




Observe

where o denotes the spherical measure on the unite sphere S in
RY and

k(r) = /Sdl (1 — cos(r{uo, u)))o(du).
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Observe

where o denotes the spherical measure on the unite sphere S in
RY and

k(r) = /Sdl (1 — cos(r{uo, u)))o(du).

Let us recall the definition of the Mellin convolution. For
f,g:[0,00) = C

M(f,g)(x) = /OO<> f(t7'x)g(t)t " dt.

Then, by setting f(r) = r=9v(r71), we may write



where

Hence

v(Ix1)

c= lim

x=0 x|~y (|x[71)




where

Hence
c = lim & = lim L
x—0 ‘X|7d'¢)(’X‘71) r—0 M(k7 f)(r)

Next we checked assumptions of Drasin-Shea Theorem and applied
it to get the claim.
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