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l7Intvcvductiv:m

Consider a completed, filtered probability space

(QF, (Fe,t > 0),(IPy 2, (p,x) € E X R)), where E is a locally compact space
with a countable base, A is some isolated state and E U {A} endowed with its
Borel o-field.

Definition (Neveu (1961), Cinlar (1972))
A Markov additive process (MAP) is an E x R-valued strong Markov process
{((J,8),IP, »} with cemetery state (A, c0), lifetime ¢, such that

(i) the paths of (J, &) are right continuous on [0, c0), have left-limits and are
quasi-left continuous on [0, ¢);

(ii) J is a strong Markov process;

(iii) for any (p,2) € E X R, t,s>0and f: E x R — R measurable and
positive

Po,o (f (Jits, Etrs — &)yt + 5 < | Fe) =Py 0 (f(Js,€s),8 < ) Lgreey-
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l7Intn:|ductiv:m

Motivation: Lamperti’'s transform

Theorem (Lamperti (1972), Kiu (1980), Chaumont, Panti R. (2013),
Kuznetsov, Kyprianou, Pardo, Watson (2012), Alili, Chaumont, Graczyk, and
Zak (2016))

Let X be a R? valued strong Markov process having cadlag paths, quasi-left
continuous, and that has the scaling property: there exists an o > 0 such that
for any ¢ > 0 the process

{(Xomap, t20),Pe} 2 (X, t>0),Pea}, z€R.

Assume X dies at its first hitting time of 0. The process (J, &) defined by

_ X
| X )]’

J¢ gt = 10g(|X7(t)|/‘X0|)a t> 05

with s
7(t) = inf{s > 0: / | Xu|"“du > t}, t>0,
0

and (J,€),) = (A, 00) if 7(t) = 00, is a S*"! x R valued Markov additive
process.
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Llntvoduction

m What can be said about S¢~! x R-valued MAPs?

m How do we characterise the MAP who is behind a stable process or a
transformation of it?

m |s there a fluctuation theory that allow us to describe the (J, &) from its
extrema?

m If yes, can this be used to get a better understanding of stable processes?
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Since the 70's many prominent authors contributed to the study and
development of applications of MAPs, mainly with finite and countable state
space, but also in general: Arjas, Asmussen, Boxma, Cinlar, Grigelionis, Iscoe,
Ivanovs, Kaspi, Kella, Kyprianou, Ney, Nummelin, Maisonneuve, Palmowski,
Pistorius, Prabhu, Speed... many others.

MAPs in countable state space have applications in queueing, risk theory,
financial mathematics, self-similar Markov processes theory, statistical physics...

MAPs in more general state spaces are less popular due to its technicalities but
they are relevant at least in the study of excursions from a set, as shown by
Cinlar and Kaspi (1982), and self-similar Markov processes in R%, and in
particular for stable processes.
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FE countable

When E is finite or countable the process J is a Markov chain that describes
the phases of the process and £ evolves as a concatenation of independent Lévy
processes (£',1 € E) shifted by an independent sequence of r.v.

(U, (i,5) € Ex E,n>1).

m J starts in state j, £ moves as ¢/,

m at an exponential time 71 of parameter g;, J jumps to a new position, say
k, with probability p; i, and stays there for an exponential time of
parameter gy,

m at time 71, £ jumps from position {7, — to position &1, — + UJ-l’,c and from
there it evolves as &*

m and so on

Notice £ has jumps coming from each Lévy process and from J. Conditionally
on J, & has jumps at the fixed times (T,,n > 1).
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E finite
When E is finite, the dynamics of (J, &) are determined by:
m the infinitesimal generator of J, say Q = (¢i,j,%,j € E), (¢;,; = 0,1 € E).
m the laws of (Ui ;,14,j € E) say F; ;(dy) = IP(U;,; € dy),
m the characteristic exponents of (¢7,j € E), say (¥,,5 € E)
IE (exp{)&/}) = exp{t¥;(N)},
The transition semigroup of (J, ) is characterised through its matrix exponent
K(\) = (Kij;(\),i,j € E) as

Ff,tj)()\) = ;i (exp{A&:}1(s,=5)) = exp{tK(N)}ij, i,j € E,t>0,
where

K(A) = Q+ (Y;(N)diag + (g1, (E (exp{AUi;}) — 1)), ;s -

See Asmussen’s book Applied Probability and Queues.
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In general, conditional to the driving process .J
m ¢ has independent increments,

G =A+E 116, >0,
where o (68,1 > 0), o(&¢,t > 0) and o(£F,¢ > 0) are conditionally
independent, and (.J, A) and (J,£7/¢/?) are MAPS.

A is continuous additive functional of J
Y ¢ is a Gaussian process,

Y7 is a purely discontinuous process with discontinuities fixed by J,

Y is a stochastically continuous process with independent increments and
does not jumps at the same time as J.
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A Lévy-Khintchine formula

Under rather general assumptions

IE, [exp{iA&:}J]

= HFAJk’JS (w) p exp {i)\At — %)\263.}

s<t Js—#Js
t _ _ :
X exp {/ st/Hs(Js7dy) (eMy =il = %)}
0 R

a) for each (o, 1), Fc?o,m

K-measurable for fixed A.
b) A = (A, t > 0) is an additive functional of X.

c) C = (Cy,t > 0) is a non-negative continuous additive functional of X.

(1)

where

is a characteristic function in A and is

d) for each j, IL,(j, dy) is a Lévy measure and it is J-measurable for fixed X,
H is a continuous additive functional.
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LSome general facts

A Lévy-Khintchine formula

Under rather general assumptions

IE, [exp{iA&:}J]

= HFAJk’JS (w) p exp {i)\At — %)\263.}

s<t Js—#Js
t _ _ :
Xexp{/ st/Hs(Js7dy) (eMy =il = 1i>\|l;|2>}
0 R

a) for each (o, ¢1), F, o, is a characteristic function in A and is
KC-measurable for fixed .

b) A = (As,t > 0) is an additive functional of X.

c) C = (Cy,t > 0) is a non-negative continuous additive functional of X.

(1)

where

d) for each j, IL,(j, dy) is a Lévy measure and it is J-measurable for fixed X,
H is a continuous additive functional.

Can we describe (H,II) for the MAP behind the stable?
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Lévy systems (compensation formula)

Lemma (Cinlar, (1975), after Beneviste and Jacod (1973))

There exists a continuous additive functional H and a kernel I1 from E to
E X R such that for every f measurable and positive

Ej | Y F(Jomy sy €om 1 6) s, d, or £,_ €0}
= (2)
t
5 ([Cat, [ LU dpd)PULp6nE+)
0 EXR
Moreover,

11(j, dp, dy) = (o= 3 11(J, dy) + Loy K (. dp) Fy o (dy).
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The Lévy kernel of the MAP associated to a Stable processes

Assume X is a rotationally invariant stable process in R", its Lévy measure
admits the polar representation Ilx (dy) = J(ds)lrﬁﬁl{sred“, where o is the
uniform measure on S" 1.

Let f: R xR xS"" ! — R be any positive measurable test function such that
f(-,0,-) =0, and consider the expression ,

IEO,j (Z f(s7§\5 - 55*7 Js — JS))

s>0

=E, x <Zf(/o |Xu|_adu,log(|XS|/|XS_|)7%_ Xao >>

s>0 ‘Xsi‘
=E, x </ dv/ o(Jy + db)
"TXol 0 Jy+0esn—1

e’nflf
X d 0) .
/16(700700)\{0} x‘(ea: _ 1)2 — 2T < 07 Jy > |(o¢+n)/2f (v,x, ))
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Fluctuation Theory

The fluctuation theory of MAPs describes the paths of (J,&) seen from the
past supremum (infimum) and as its counterpart for Lévy processes has many
important applications.

Lemma (Kaspi (1992))
Let I; = inf,<; &, t > 0, and the reflected process Uy := & — I¢,t > 0. The
process ((J¢, &, Us),t > 0) is a standard Markov process.

Proof.

Same proof as in the Lévy case. O
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Duality

(Duality) Assume there is a measure 7 s.t. {(J,£)¢,t > 0} is in weak duality with
{(J,=&)¢,t > 0} w.r.t. dam(dh), i.e.

/E w(de)daf (. ) Bos (0 60)

:/E Rw(dga)dxg(ap,m)IE%z (f(Je, —&¢))

Lemma

Let t > 0 fixed. The process {(J—s)— &~ — E—s)—),0 < s < t} under Pr o
has the same law as {(J,§)s,0 < s < t} under Py o.
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Lemma (Kaspi (1982), Palmowski et al. (2011), lvanovs (2015) Kyprianou et
al. (2016))
Assume that the duality condition is satisfied and that E is finite. Let eq an
independent exponential r.v. of parameter g, G, = sup{s < e : {5 = és}
(i) The pairs of random variables (G,,€ ) and (eq —G,&e, —&_ ) are
=eq —€q
conditionally independent given (Jg -, Jg,).
(ii) The conditional laws are characterised through the g-potentials of the
excursion measures from the supremum and the infimum, respectively.
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Lemma (Kaspi (1982), Palmowski et al. (2011), Ivanovs (2015) Kyprianou et
al. (2016))

Assume that the duality condition is satisfied and that E is finite. Let eq an
independent exponential r.v. of parameter g, G, = sup{s < e : {5 = és}

(i) The pairs of random variables (G,,€ ) and (eq —G,&e, —&_ ) are
ey 2eq
conditionally independent given (JGq,, ng).

(ii) The conditional laws are characterised through the g-potentials of the
excursion measures from the supremum and the infimum, respectively.

Can this result be extended to non-countable case? What else can be said?
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Lemma (Kaspi (1982), Palmowski et al. (2011), Ivanovs (2015) Kyprianou et
al. (2016))
Assume that the duality condition is satisfied and that E is finite. Let eq an
independent exponential r.v. of parameter g, G, = sup{s < e : {5 = és}
(i) The pairs of random variables (G,,€ ) and (eq —G,&e, —&_ ) are
=eq —€q
conditionally independent given (Jg -, Jg,).
(ii) The conditional laws are characterised through the g-potentials of the
excursion measures from the supremum and the infimum, respectively.

Can this result be extended to non-countable case? What else can be said?
Yes, by means of the theory of exit systems of Maissoneuve.
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Definition
The downward ladder set

M= {t: (Je, &, & — Héftfs) € E x Rx{0}}.

R=inf{t >0:tc M}.
The set of regular points

F={j€E:Pj.o(R=0)=1,Vz €R}.

For simplicity we often assume that F=E.

Albeit this assumption may easily fail the results we will describe are true in
greater generality.

Take E = {0, 1}, £° a stable process and ¢! a compound Poisson Process.
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Exit system for the excursions from 0 for the process reflected in the
infimum

Lemma (Maissoneuve (1982), Cinlar and Kaspi (1982), Kaspi (1983))

There exists an additive functional L, with 1-potential smaller than 1, carried
by E x R X0 and a kernel P* from (E x RXR,E x R x R) into (2, F) such
that

m P, (1- e_R) <1 for all (p,z,y)

n E (Z ZQHOGQ) =IE. </ dL,ZsPj_ ¢. v, (H)> , where Z is any

gelG 0
positive predictable process, H any measurable and bounded functional
and G is the set of left end points of intervals that are contiguous to M.
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Exit system for the excursions from 0 for the process reflected in the
infimum

Lemma (Maissoneuve (1982), Cinlar and Kaspi (1982), Kaspi (1983))

There exists an additive functional L, with 1-potential smaller than 1, carried
by E x R X0 and a kernel P* from (E x RXR,E x R x R) into (2, F) such
that

m P, (1- e_R) <1 for all (p,z,y)

n E (Z ZQHOGQ) =IE. </ dL,ZsPj_ ¢. v, (H)> , where Z is any

gelG 0
positive predictable process, H any measurable and bounded functional
and G is the set of left end points of intervals that are contiguous to M.

The excursion measure N ; is the image measure of P} o under the mapping
that stops the path at the end of the first excursion: (J,£,§ — I).AR.
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Exit system for the excursions from 0 for the process reflected in the
infimum

Lemma (Maissoneuve (1982), Cinlar and Kaspi (1982), Kaspi (1983))

There exists an additive functional L, with 1-potential smaller than 1, carried
by E x R X0 and a kernel P* from (E x RXR,E x R x R) into (2, F) such

that
m P, (1- e_R) <1 for all (p,z,y)
n E (Z ZQHOGQ) =IE. </ dL,ZsPj_ ¢. v, (H)> , where Z is any
geqG 0

positive predictable process, H any measurable and bounded functional
and G is the set of left end points of intervals that are contiguous to M.

The excursion measure N ; is the image measure of P} o under the mapping
that stops the path at the end of the first excursion: (J,£,§ — I).AR.

Under N ; the excursion process has the Markov property with the same
semigroup as (J, &) killed when it passes below zero.
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The downward ladder process

Lemma (Kaspi (1982))

Let 7, =inf{s > 0: L, > t}, t > 0, be the inverse local time process,
H, = —{;,. The downward ladder process

{(J1t7zt7ﬂt)7 t 2 0} 9

is Markov additive process with values in E' U {A} X [0, 00] x [0, 00]. It is
characterised through its Laplace transform: 3 £,a : E — [0,00), bounded s.t.

IE; (exp{—Ar, — BH,}|J)
— o {_A/O £(Jy, )du — 5/0 a(Jz,)ds _/o cluﬂJIu (1 —exp{—X¢ — ﬂfc})} )

for all A > 0.

We have the following analogue of Vigon's formula

N, (F(Jem & e, Lee_ned)

¢
-N, ( / dH, % T d dy) (6,6 +y>1{y+gt<0}) .
0 —00,0
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l7Downward ladder potential measure

Theorem (Time of maximum and last exit formula: 1)

Let U; (dp,dr,dz) be the potential measure of the downward ladder process

U (dipv dT’ dZ) E (/ dSI{J-,— €dp, T ,€dr,H_ €dz,T <oo})
p€E,r2€[0,00), and G, =sup{s <t:& =¢ }
(i) Forany f: E x R — R measurable

IE; . (f(J:, &)1, <t})
= / Uj7 (d‘,ﬁ, dr7 dz)ﬂw (f(th'm T—z+ §tfr)1{t—r<g“})
Ex[0,t] xR+
(ii) Let 75 =inf{t > 0:& < 0}.
Ejo (f(Jt,Et)l{Q,,<t}1{t<TO—})

-/ U5 (dp,dr, d2)N,, (f(Jomry — 2+ 1) (1 recy)
Ex[0,t]x[0,x)
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LDownward ladder potential measure

Idea of Proof
Let t >0, G, =sup{s <t:& =¢ }
IEj . (f(Ji, &) = Ej (f(Je, 2 + &)l grensy)
+E; (fUno+E, +6 — € ig,<n)
= thf(j)

+E [ Y Urse—af(sm+& +E6&—E€ )00

s€EGN[0,t)

= TE1() + B < /[O Ll ($Ua+ et Ets)l{tsq}))

= TEF() + / Us (dg, dr, d2)N,, (f(Jeer @ — 2+ E1-)Lgemr<cy)

Ex[0,t] xR+

[eS)
Wlth U]._ (ng, d?”, dZ) = E]' (/ dtl{Jls €d¢,15€dT,ﬂS€dz,15<OO}>
0
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l7Downward ladder potential measure

Theorem (Time of maximum and last exit formula: 1)

The potential measure of the upward ladder process

Uji (de, dr,dz) = IE; </ d31{J15 Edcp,zsedr,ﬂsedz,zs<oo}> )

p € E,r,z €[0,00), sati(;fies

(ii) For each j € E there exists a kernel V (t,dyp,dz) from R* to E x R* s.t.
U (dip, ds, dz)E(p) = V (s, dp, dz)ds

(iii) If£=0 then for all j € E, andt > 0, IP; , (t € M) = 0.

(iv) For any f: E x R — R*" measurable, we have for almost all t > 0,

U; (dp,ds,dz)

B, (£ 0)1ig,m0) = | 2D o) f (2 = 2)

Ex[0,00)

- / V,(t, i, d2)8(e) f (0, — 2)
Ex[0,00)

(V) IE]',x (f(Jtygt)l{Qt:t}l{t<TO—}) :/ Zj(t:d@7dz)£(@)f(<pvt7$_z)

Ex[0,xz)

This is an extension of a result by Cinlar (1976) and Maissoneuve (1977).
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l7Downward ladder potential measure

Theorem

Assume that the duality condition is satisfied. Let e, an independent
exponential r.v. of parameter A, G, =sup{s < ey : {; = §S} The pairs of
random variables (QA,QA) and (ex —G,, e, — §eA) are conditionally
independent given (Jg, -, Ja, ).

E- (F(Gek,s inf &)V, - —j) = W{F())

UGH)F(0,0) + N; ([ due™F(u,eu)luzcy )
£(5) + xN; (1 —exp{=X¢}) ’

A

IEﬂ' (H(e)\ _Qe)\7§e>\ - SSIEE §S)|JG4A :]) = W;H(])

LGHHO,0) + AN, (5 due™H(u, ) 1gu<c))
£7) + 3N, (1 —exp{—A¢})




Fluctuation theory for Markov Additive processes and applications to self-similar processes

LDownward ladder potential measure

We confirmed the well known fact that the downward ladder measure is a key
element in the fluctuation theory, is it possible to obtain this measure or its
marginals explicitly?

(i) Determine and invert the Laplace transform
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LDownward ladder potential measure

We confirmed the well known fact that the downward ladder measure is a key
element in the fluctuation theory, is it possible to obtain this measure or its
marginals explicitly?

(i) Determine and invert the Laplace transform

(i) For stable processes, via some explicit identities where the measure plays a
roll.
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LDownward ladder potential measure

We confirmed the well known fact that the downward ladder measure is a key
element in the fluctuation theory, is it possible to obtain this measure or its
marginals explicitly?

(i) Determine and invert the Laplace transform

(i) For stable processes, via some explicit identities where the measure plays a
roll.

Asymptotic behaviour of the marginals of the downward ladder measure is
possible thanks to the Markov renewal theorem.
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Proposition
The potential densities are given by the following. o € (0,1): for z > 0,
u™(z)
(F?(a?f) (L —ee)ori(l+ee)or Dloabl_—sjanq 4 ez)aN)
x —o —x\ap —x\ap— @ e~ T)p— — T\
EOaat) (1 — em®)2h (1 + em®)op~L F?(ap;”(l JoP1(1 + e 7)o
and
u” (z)
F<1*0‘P)( &m 1)04;371( z 4 1)04;) sin(amp)'(1— ap)( _ 1)ap( i 1)ap 1
&c < T'(ap) < @ sin(amwp)l(ap) @ © >
i wp)l(1—ap p— (1 .
m:élozafrﬁ);(az)pl (e —1)@P(e® + 1)P 1 ;(ag)/’)( = )er= 1(6 4 l)ap

While for « = 1 and symmetric: for z > 0,

4 o (176_1)_1/2(1+6_z)1/2 (176_1)1/2(1+6_z)_1/2
ut(z) =u" (z) x <(1 _ 671)1/2(1 _,’_671)71/2 (1— efz)71/2(1 + efm)l/2
The constants are determined by requiring that the matrices f[o 00) deut/~ (z)

be stochastic.
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Proposition
€ (1,2): forx >0,
*(2)

a=1 ((1—e")2r-1(14e7)2P (1 e)oP(1 4 omo)or ]
o< 2 ((1 _ e—z)a[z(l + e—z)ap—l (1 _ efz)aﬁfl(l o efz)ap)

3 (a _ 1)2 ((1 _ efz)apfl(l b efz)aﬁfl (1 _ efz)apfl(l o efz)aﬁfl)

20t a—1) \(1—e®)2p-1(1 4 e~=)@p=1 (1 e=2)@P=1(] 4 ¢=—%)ar-1
and
u” (z)
a—1 (e® —1)*P=1(e® 4+ 1)or %( — 1)@ (% + 1)ar—1
<5 (sﬂgzﬁ,’;g(ew —1)er(em 4 1)p—1 (67 — 1)2P—1(e® 4 1)ab >
__(a—-1)2 ( (e? —1)*P=1(e? + 1)1 snland) (en — 1)2P =1 (e + 1)xP 1)
20 +a — 1) \ Saema (e7 — 1)ar—1(e 4 1)r-1 (e* — 1P~ 1(e® + 1)1
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Lemma (Two key identities)

Recall G, = sup{s < eq: {&s =€ }, and 7y = inf{t > 0: & < 0}.

IE; . (f(JQq ))

-/ UF (di, dr, d2)e ™" £() [a(¢) + N, (1 — exp{—qC})]
Ex[0,00)X[0,00)

IEJ',ac (f(JQq)l{eq<TO—})
-/ U; (dg,dr, d)e ™™ [(g) [at(e) + N, (1 — exp{~C})]
E x[0,00) X[0,x)
Letting q — 0, for all j € E and x
1= / U; (dp,dr,dz)N (¢ = o0)
Ex[0,00)X[0,00)

;. (15 = oo f(Jg_)) = /

Ex[0,00)x[0,z)

Uj_ (dep, dr, dz)f(@)ﬁgp( = 00)
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Let X,,, be the point of closest reach of the origin. We observe that
Ui 1(0,2)N (¢ =00) =P1 o(15g =00;Jg =1) =Pee(Xp > 1),

with
Ui 1(0,2) :/ Uy (dp,dr,dz)1,—1y
Ex[0,00)%x[0,z)

Lemma (Kyrpianou, Pardo and Watson (2014))

Assume a € (0,1). Let 7C-5Y .= inf{t > 0: |X;| < 1}. We have that, for
x>1,
IPw(T(_l’l) = o0) = ®(z),

Ca @-1/@+) »
@(m)z%/{) 127=1(1 — 1) g,
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Furthermore, the invariance under translation and the scaling property implies

IPZ(T(7H7U) :OO) - & (21"{”(147’[))
U+

Let m™* and m~ be the times when X is at the closest point to the origin on
the positive and negative side of the origin, respectively. Thus

2x+u—v)

Po(| X | > w5 Xyt > 0) = Po(r07) = 00) = @ ( o

The point of closest reach of the origin X, has a law

P,(Xmedz) 0 )
T = —% IP(le7| > Z,Xm+ > 'l/)|v:z‘

From there we easily determine the value of

Uri(@)N, (¢ = 00) =Pai(rg =005 Ja,, =1) = Pea(Xm > 1)
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Thank you for your attention

Enjoy the 8th International
Conference on Lévy Processes
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